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1 Basic Arithmetic

(7)Numbers

Integers: are numbers which are not fractions. ...-4,-3,-2,-1,0,1,2,3,4,...

< negative | [ positive

The set of integers is denoted by the symbol Z. >

Natural numbers: are the positive integers. 1,2, 3,4,5,...

The set of natural numbers is denoted by the symbol N.
Whole numbers: are the set of natural numbers and zero.

Even numbers: are integers which can be divided by 2 without a remainder.
Any integer which ends with 0, 2, 4, 6 or 8 must be even.

Odd numbers: are integers which cannot be divided by 2 without a remainder.
Any integer which ends with 1, 3, 5, 7 or 9 must be odd.

Prime numbers: are numbers which can only be divided by 1 and themselves.
2,3,5,7,11,13,17,19,23,29,31,37, ...

There is an infinite number of prime numbers.

+1is NOT a prime number.

+2 is the only even prime number.
. . . . a
Rational numbers: are numbers which can be written in the form Z where a and b are

integers and b is not zero.
eg —2.5, 0.3, 0.09, 3142857 and 4 are all rational since they can be re-

; Ll’ % and % respectively.

Irrational numbers: are numbers which are not rational and so cannot be written in the

written as: , l,

3
a
form —.
b

e.g /2 =1.41421356... , 1 =3.141592653...

Real numbers: The set of real numbers is made up of all rational and irrational
numbers together.
The set of real numbers is denoted by the symbol R.

Significant figures (sf): indicate the accuracy of numbers.
For any number, the first significant figure is the first non-zero digit. After that,
- in case of whole numbers, all digits are counted as significant up to the last non-zero

digit.
- in case of decimals, all digits are counted as significant.
e.g.
4¢f 1234 12.34 1.023 0.01234 0.001002
1230 12.3 1.02 0.0123 0.00100
3sf 1200 12 1.0 0.012 0.0010
2 sf 1000 10 1 0.01 0.001
1 sf

(1) Operations on Real Numbers

Order of operation s: There is an established order in which operations must be done.

division, and then

Anything in brackets has to be done first, then multiplication and
addition and subtraction. An aid to memorise this order is BoODMAS (Brackets of
Division, Multiplication, Addition and Subtraction)
eg. 2+4)x3-1=6x3-1=18-1=17
24+44x(3-1)=2+4%x2=2+8=10
R+4)xB-1)=6x2=12
2+4x3-1=2+12-1=13

The commutative law: states that for any two real numbers, the order of operation of
addition and multiplication doesn’t matter.

la+b=b+a, ab9dba eg 3+5=5+3,3x6=6x3

BUT subtraction and division are not commutative.
a—-b+b—a, a+b#b+a eg 3—5+#5-3,3+-6-+6+3

The associative law: states that for any three real numbers, the grouping in an

expression of addition and multiplication doesn’t matter.

[(@a+b)+c=a+(b+c), (ab)c=la(bc) e.g (2+3)+4=2+B+4), 2x3)x4=2x

BUT subtraction and division are not associative.
(a—b)—c#+a—(b—c) eg (2—-3)—4+2-(3-4)
(a+b)~c#+a+b+c) eg 2+3)+4=2+3+4)
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The distributive law: states that when it is performed on two or more quantities
already combined by another operation, the result is the same as when it is performed

on each quantity individually and the products then combined.
la(b+c)=ab+|ac e.g. 2x(3+4)=2x3+2x4

() Factors and Multiples
Factors of a number: A factor is a whole number which divides exactly into it.
1 is a factor of every number and every number is a factor of itself.
e.g. The factors of 12 are 1, 2, 3,4, 6 and 12.

Any whole number can be written as a product of its factors.
eg 12=1x12, 12=2x6, 12=3 x4

Prime factors: The prime factors of a number are factors which are also prime
numbers.
e.g. The prime factors of 12 are 2 and 3.

A non-prime number can be expressed uniquely as a product of prime factors.
eg 60=2x2x3x5=22x3x5

To find the HCF, express each number as a product of the prime factors and select all

the common factors.

Example 2 Find the HCF of 168, 252 and 360.
168 = 2x2x2x3x7
252 = 2x2x3x3x7
360 =2x2x2x3x3x5 |common factors.
Therefore the HCF =2 x 2 x 3 =12

2F and 3 are

thre only

Multiples of a number: A multiple is a number made by multiplying that number with
a whole number.
e.g. The multiples of 3 are 0, 3, 6,9, 12, . ..

Lowest Common Multiple (LCM): The LCM of two (or more) numbers is the

smallest number which is a multiple of each.

To find the LCM, express each number as a product of the prime factors and select all

the different factors without repetition.

To find the factors of a number, divide by the prime numbers in turn until no further
division is possible.

Example 1 Express 360 as the product of its prime factors.

21 360

21 180

2 90—

g 15é 5.360=2x%x2%x2x3%x3x%x5
5 =23%x3% x5

Highest Common Factor (HCF): The HCF of two (or more) numbers is the largest
number which is a factor of each.
e.g. 12has 1,2,3,4, 6 and 12 as factors.

18 has 1, 2, 3, 6, 9 and 18 as factors.

The common factors of 12 and 18 are 1, 2, 3 and 6.

The HCF is 6.

S0

Example 3 Find the LCM of 6, 12 and 15

6=2x3
12=2x2x3
15=3x5

Therefore the LCM =2 x2 x3 x5=60

(T) Conversions of Fractions, Decimals and Percentages
Converting a fraction to a decimal: divide the numerator by the denominator.
1 0.125
eg. —=0.125 ..
g ] .- 8)1.000
Converting a decimal to a fraction: place the decimal numbers over the appropriate

number of power of 10.

3 25 1

E, 425:4m:4z

Converting a fraction to a percentage: multiply the fraction by 100 and put %.

ca %:%XIOO% —40%, 1 —%xm()% - 12%% or 12.5%

eg 03=

Converting a percentage to a fraction: divide the percentage by 100 and remove %.




51 _125_125 10_ 125 _1
100 20’ 100 100 10 1000 8
Converting a decimal to a percentage: shift the decimal point two places to the
RIGHT.
e.g. 0.25=25%, 0.0075=0.75%, 1.5 =150%
uA ua uA

Converting a percentage to a decimal: shift the decimal point two places to the LEFT.
e.g. 78.5%=0.785, 120% =1.2

INY) INV)

(#4) Operations of Fractions
Adding and subtracting fractions: express each fraction in terms of the same

eg 5%= 12.5%

denominator (the LCM) and add / subtract the numerators.

1,2 1

E le 4 Calculate —+ = ——

xample acuae3 572
. 1,2 1 20+24-15_ 29
LCMof3,5,4is60. —+=——="—=" =~ 22
oA 3+5 4 60 60

With mixed numbers, either convert to improper fractions first or deal with whole

numbers separately.

1 .3 .1
E le 5 Calcul 1=-2= —
xample alculate 5 4+32
1 23 .1 6 11 7 24-55+70 39( .19
—_—)— —_———t—_ e _ = :1—
1372413375733 20 20( 20)
_1_ 1 3 1_,,4-15+10_, 1 _ 19
or =1 2+3+5 4+2_2+ 20 =2 20_120

Multiplying fractions: multiply the numerators together and then denominators
together (after any cancelling which may be possible).

Example 6 Calculate %x%x%
1
3.1 5 3x1x5 Ix1x5 5
—X=X—== — _ 2
4 2 6

4><2><gs T 4x2x2 16

To multiply mixed numbers, first convert them to improper fractions.
2.2

Example 7 Calculate 6 x 13 X 3

21
_ 6x 3x 2 _ 2x1x2 _
lx%x? Ix1x1

2 2 6 5 2
Ox]Ex=E==x=x=
3 5 1 3 5

Dividing fractions: To divide by a fraction, multiply by its reciprocal. (The reciprocal

of%is%.)
3.2
Example 8 Calculate g + g
3.2.3.3_3x3_9
5°3 572 5x2 10

(#7) Ratio and Scale
Ratio: is used to compare the sizes of two (or more) quantities. Ratios are written with
a colon (©).
e.g. If there are 25 girls and 23 boys in a class, the ratio of girls to boys is said to be

25 : 23 (this can also be written as the fraction % ) and the ratio of boys to girls is said
to be 23 : 25.

Example 9 If angles a, b and c in a triangle are in the ratio 4 : 3 : 5, what is the size of
each angle?
Total number of parts =4 +3 +5=12
The sum of interior angles in a triangle = 180°
180°
12 A A\
Angle ais 4 x 15°=60" Angle bis 3 x 15° =45" Anglecis 5 x 15°=75"

O

One part is =15°
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Simplifying raties: Ratios can often be simplified. To simplify a ratio, divide or
multiply both parts by the same number.

Example 10 Find in simplest form the ratio of: (a) % :2 (b) 30min : 2hr

(a) Multiply both parts by 3 to convert the fraction into an integer.

1 1
=X —=:2=1:6
3 3
(b) Express both parts in the same unit and then divide both parts by their HCF.
30min : 2hr = 30min : 120min ("."2hr = 2 X 60min = 120min)

=1:4 ("."HCF = 30)

3=1and 2x3=6 So

Scales on maps and plans: These are stated in a ratio form 1 : # .This ratio gives the
: . 1
representative fraction | — | of the map.
n

e.g. Ascale of 1 : 50 000 means that lcm on the map represents 50 000cm (0.5km) on
the ground.

Example 11 A map is drawn to a scale of 1 : 50 000.

(a) On the map the length of a straight road is measured as 7.5cm. What is the actual
distance of the road in km?

(b) If the area of a maize field is 2km?, what is its area on the map in cm*?

(a) lem on the map represents 50 000cm = 0.5km on the ground.
If x represents the actual distance of the road,
1:05=75:x .".x=0.5%x75=15km

(b) 1cm? on the map represents 0.5 x 0.5 = 0.25 km? on the ground.
So if y represents the area of the maize field on the map,

_ 1x2
0.25

2

1:025=y:2 .y =8cm

Exercise 1

1 Find the number of significant figures. (a) 235 (b) 0.423 (c) 0.004 (d) 24 000
(e) 2.000 (f)0.0510

Calculate the following.

()7 —2+3x4 (b)(=4)x(=3)+(=3)x2 (c)—5x7—24=+3

3 Evaluate the following.
3,41 1 1 1 2 1. .1 1 1 .4
22 41=—4= (b)2=-4—+3% (0)l==1= (d)2==+|2=-12
@23 +ly 795 B2g-dg+35 @l 6()3(2 5

Find the prime factors of 42, 70 and 105, and state their HCF and LCM.

The ratio of the numbers of boys to girls in a school is 7 : 6. If there are 455 pupils,

how many boys are there?

Find in simplest form the ratio of: (a) 2hr 15min : 13min 30sec (b)% : l% 1

A map is drawn to a scale of 1 : 20 000.

(a) The distance of an airport runway is represented by 8cm on the map. Calculate its
actual distance in km.

(b) The actual distance of a railway is 6km. Calculate the distance on the map which
it represents it in cm.

(c) The area of a lake on the map is represented by 200cm?. Calculate the actual area
of it in km?.

(d) The actual area of the airport is 3km?. Calculate its area on the map in cm?.



2 Commercial Arithmetic
(7) Profit and Loss

Profit / Loss = Income — Cost  If the answer is positive, it’s a profit.

If the answer is negative, it’s a loss.

Example 1 A man bought 100 loaves of bread at K3 000 each. He sold half of them at
K3 500 each and the rest at K2 700 each. Find his profit or loss.

Cost =100 x 3 000 = K300 000

Income =50 x 3 500 + 50 x 2 700 = K310 000

Profit / Loss =310 000 — 300 000 = K10 000 profit

(4 ) Discount
A discount is a reduction in price.

Example 2 Calculate how much is paid for a television set costing K800 000 if 7%

discount is allowed.

. 7
D = — =
iscount T x 800 000 = K56 000

Customer pays 800 000 — 56 000 = K744 000

() Simple Interest
Interest is money paid for borrowing a sum of money which is called the principal. It
is expressed as a percentage rate per annum.
I = PRI
100

where [/ is the simple interest, P is the principal, R is the rate of interest (as a

percentage) and T is the time (in years). When interest is added to the principal, the sum
is called the amount. The amount4 =P + 1/

Example 3 If a person invests K5 000 000 at the rate of 8% per annum for 2 year.
Calculate: (a) the simple interest (b) the amount

PRT _ 5000 000x8x2
100 100
(b) A =P+ 1= 5000000 + 800 000 = K5 800 000

@ I = = K800 000

Example 4 K250 000 earns K10 000 interest in 6 months. Calculate the interest rate.
6 months = 6 year = 1 year
12 2

_ Ix100 _10000x100

PT 250000x;

SR =8%

Exercise 2

1 A bookseller bought 10 copies of a book at K45 000 each. He sold 9 copies at

K52 000 per copy and the rest at K40 000 per copy. Find the profit or loss.

During a sale, a shop gives 5% discount.

(a) What is the new price of an article priced at K120 000?

(b) What is the original price of an article sold for K28 500?

A man borrows K1 200 000 at 9.5% for 8 months. How much does he have to repay?
If K832 000 is the total value of an investment at the end of 4 years which has a
simple interest rate of 7% per annum, calculate the principal.

Find the interest rate if the simple interest on K250 000 invested for 6 years is

K120 000.

simsiky@gmail.com



3 Indices, Standard Form and Approximations
(7) Indices

Indices indicate how many times a number is multiplied by itself.
eg 2x2x2=23

The 3 is the power or index of the base 2.

Laws of indices: for any real number a,

(a a Any number to the power 1 is itself. e.g.5'=5
(b 1 Any number to the power 0 is 1. e.g. 10°=1

(c

n

A negative power indicates the reciprocal of the number with a

.. -2 1
positive power. e.g. 10 ——102 (— T00 = 0.01)
) -]
Further, [ \ b (a)" a
b
d) a” xa” =aT™ To multiply powers of the same base, add the powers.
e.g. 32 x3* =3%"* — 3% because 3% x3* =(3x3)x(3x3x3x3)=3°

—-n

(e

To divide powers of the same base, subtract the

powers.

e.g 3% +3%2 =32 =33 because 3% +32 :(3><3><3><3><3)+(3><3)=33

()

(f) = """ To raise a power to a power, multiply the powers.
e.g. (52 — 523 _ 56 because (52)3 52,52 52 _ 52+2+2 _ 56
(g) (axb)’ =a” xb" To raise a product to a power, raise each number to the

power.

e.g. (3x5)* =3 x57 because

(3x5)* =152 =225 and 3% x5% =9x25 =225
n
a
)
2
eg. (2)
4

1
an —zff; A fractional power indicates a root.

n
— To raise a quotient to a power, raise each number to the power.

(h

2
= because
4

6

1 1 1 1 1 11
1 o111
g g3 _3fg=p DeCAUSC o3 o3 83 —83'33 g =8 and 2x2x2=8

m
—_ 771
3" :(x/”a) or Va"

Example 1

Further,

Find the value of



-2 1
(a) 472 (b)@) ()2 x2° +2°% (@273 (e)(—8)§

@i of3) (3 S50

(©) 23 %220 =236 _-2%_-4

1 3><l

1
(@27° =327 =3 or (3 =373 =3' =
2
3

(©)(-8)

(©4) Standard Form

Standard form is a method of expressing numbers in the form

ax10" |, where

1<a <10 andn is an integer. i.e. A number with one digit before the decimal point.

Example 2 Express in standard form: (a) 452 (b) 0.000268

(2) 452 =4.52 x 100 =4.52 x 10?
(b) 0.00268 = 2.68 x 0.001 =2.68 x 107

Example 3 Express as a decimal: (a) 6.45 x 10° (b) 1.07 x 1072
(a) 6.45 x 10° = 6.45 x 1000 = 6450

1
b) 1.07 x 102=1.07
(6) 1.07 “100

=0.0107

() Approximations
An approximation is a stated value of a number which is close to (but not equal to) the

true value of that number.

e.g. 3.14,3.142 and 2—72 are all approximations to «t (= 3.14159265358979 . . .)

Rounding off: is the process of approximating a number.

Io round oif a number, Tind the place in the number where the rounding oif must be
done and look at the digit to the right.

- If this is 5 or greater, add 1 to the rounded off digit.

- If this is 4 or less, leave the rounded off digit the same.

To a number of decimal places (dp): indicates that rounding off has been done to leave
only the number of digits required after the decimal point.
e.g. m=3.14 (to 2dp) = =3.142 (to 3dp)

Example 4 Round off 3.0463 correct to: (a) 3dp (b) 2dp (c) 1dp
(a) 3.0463 = 3.046 to 3dp

(b) 3.0463 = 3.05 to 2dp
(c) 3.0463 =3.0 to 1dp

To a number of significant figures (sf): indicates that rounding off has been done to

leave only the number of significant figures required.

e.g. m=3.14 (to 3sf) ©=3.1416 (to 5sf)

Example 5 Round off 13 507 correct to: (a) 1sf (b) 2sf (c¢) 3sf (d) 4sf
(a) 13507 =10 000 to 1sf
(b) 13 507 = 14 000 to 2sf

(c) 13 507 = 13 500 to 3sf
(d) 13 507 = 13 510 to 4sf

Exercise 3
.. 1 =1 1 =3
1 Simplify: (3) x2 xx3 (b)x 2 xx2 +x 2

2 Find the value of:

(@) (=5)" (b) (%j (©)5°%x571+5%%10° (d)4*° x4

2 1
8 )3 ) 1
@(-%) @25 ®
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3 Express in standard form: (a) 703 (b) 8405.2 (c) 0.072 (d) 0.000375
4 Express 2.9735 correct to: (a) 1dp (b) 2dp (c) 3dp
5 Express 40.974 correct to: (a) 1sf (b) 2sf (c) 3sf (d) 4sf

4 Sets

A set is a collection of well defined objects (numbers, letters, symbols and so on).

(77) Set Notation and Presentation
A set is denoted by a capital letters (such as A).The objects of a set are enclosed in curly
brackets, { } and separated by commas.
eg. V={a, e, i,0,u}
It is not necessary to list every object in the set. Instead, the rule which the objects

follow can be given in the curly brackets.
e.g. V= {vowels in English}

Elements or members: are objects which belong to a set.
The symbol € means “is an element of” or “is a member of”’. The symbol & means “is
not an element of” or “is not a member of”.

e.g. 3 € {odd numbers}, 3 & {even numbers}

Universal set: is the set which contains all the elements under discussion.
The universal set is denoted by E.
e.g. If V= {vowels} and C = {consonants} are given, E = {alphabet}

Empty set: is the set which has no elements.
An empty set is denoted by { } or ¢.
e.g. {triangles with more than three sides} = { } or ¢

Finite and infinite set: A finite set is a set which contains a limited number of

elements. An infinite set is a set which contains an unlimited number of elements.

e.g. {letters of the English alphabet} = {a, b, c, ..., Xx,y, z} This set s a finite set.
{natural numbers} = {1, 2,3,4, ...} This set is an infinite set.

Number of elements: If a set A is a finite set, the number of elements in the set A is
denoted by n(A).
e.g. If A= {letters of the English alphabet}, n(A) =26

Subset: is a set which also belongs to another set.
The symbol c means “is a subset of”.
e.g. If V= {vowels} and A= {a, e, i}, AcV.

The number of subsets of a set is 2" [where n is the number of elements in the set.

-8-

e.g. A set with 3 elements has 2° = 8 subsets.
“'If A= {a, b, c}, subsets of A are {a, b, ¢}, {a, b}, {a, c}, {b, ¢}, {a}, {b}, {c}
and { }



(€) Operations on Sets

Intersection of sets: is the set of elements common to all the original sets. ALB Al

. L ion of A B 1 tof A
The intersection is represented by the symbol N. Union of A and Complement o

eg IfA={1,2,3,4,5}and B={2,4,6}, ANB={2,4} Combined operations

Union of sets: is the set of all the elements of the original sets. Example 1 For two sets A and B, n(A) = 6, n(B) = 4 and n(AUB) = 8. Find n(ANB).
The union is represented by the symbol U, n(A) + n(B) = 6 + 4 = 10 which is 2 more than g N B
e.g IfA=1{1,2,3,4,5)and B= {2, 4,6}, AB={1,2,3,4,5,6} n(AUB).

Therefore 2 elements are counted twice, which means
Complement of a set: is the set of all elements which are not in that set but are in the that n(A N B) = 2.
universal set originally given.

The complement is represented by the symbol '.

In general, |In(A N B) =n(A) + n(B) — n(AUB)

e.g. If E = {natural numbers less than 10} and A = {prime numbers},

A'=11,4,6,8,9} (“A=1{2,3,5,7}) Example 2 IfE={1,2,3,4,5,6,7},A={1,3,5, 7}, B={1,2,3} and

Venn diagrams: are used to show the relationships between sets. C=1{2,3,5,7}, list the elements of: (a) B'NC (b)) ANC" (c) (ALY
In a Venn diagram, the universal set is represented by a 3 (a)B'={4,5,6,7} soB'NC={5,7}

rectangle and sets by circles or simple closed curves. A (b)C'={1,4,6} soANC'= {1}

Elements of a set are often represented by points in the (c)ALC={1,2,3,5,7} so (ALC) = {4, 6}

circle. Example 3 Shade the region AN(BUC) on the [E A B
Venn diagrams of some common set relationships Venn diagram.

The considered parts are shaded.
BWC is shaded in Fig 1. Then (BUC)' is

C
E A B E A B shaded in Fig 2. So AN(BUC)' is the shaded
region in Fig 3.
E A B f;ﬁf E A B
Universal set E Set A ANB
Intersection of A and B L L
i
E L 5 Fig 1 Fig2 Fig3

Example 4 If n(E) =30 and n(A) = 14, find x and y. E A B

n(A)=x+4+2+3=14 .".x=5 7&%‘
-9 o . 5 c
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n(E)=14+3+y+6+5=30(."n(A) = 14)
Sy=2

Exercise 4
1 E = {natural numbers less than 10}, A = {prime numbers}, B = {odd numbers} and
C = {multiples of 3}. List the elements of (a) A’ (b) ANB (¢c) B'NC’

(d)AUBNC)

2 Ifn(A) =7 and n(B) = 5, what are the largest and smallest possible values of n(AUB)
and n(A N B)?

3 A, B and C are three intersecting sets. On separate E A B

Venn diagrams, shade the region:
(a) (ALB)NC (b) (ANC) LB (c) A'N(BLC)
(dANBNC (e)A'NBNC’ C

4 Ifn(E)=55,n(A)=25,n(B)=22,n(C)=22,n(ANB)=8, nBNC)=7, n(ANC)
=5 and n(ANB NC) =3, illustrate this information in a Venn diagram.

5 Basic Algebra
1.1 Algebraic Expression

An expression can contain any combination of letters or numbers, and often involves
the arithmetic operations.
e.g 2x, 6x—5, 10+y, x+y, 3(x—y), 3x* +4y

Variable: is unknown number or quantity represented by a letter (usually such as x, y).

Constant: is a value which is always the same.

e.g. In an expression y = x + 3, 3 is a constant.

Coefficient: is a constant which is placed in front of a variable.
e.g. In an expression x + 2y, the coefficient of x is 1 and the coefficient of y is 2.
(The absence of a coefficient is equivalent to a 1 being present.)

Terms: are the parts which are separated by a + or — sign.
e.g. An expression 2 + 3x — 4xy +5x* has 4 terms (2, 3x, —4xy and.5x?)

Like terms: are terms which contain exactly the same variables and same indices.
They can be collected together by addition or subtraction.
e.g. pairs of like terms are 2x and 5x; 5x)? and 3x)?, 2x + 5x = 7x; 5x)* — 3x)* = 2x)*

Unlike terms: are terms which contain different variables or different indices.
They cannot be added or subtracted.
e.g. pairs of unlike terms are x and x*; x)* and X%y

Simplification: is combining the terms in an algebraic expression.
Addition and subtraction: Expressions involving addition and subtraction can be

simplified by adding or subtracting like terms.

e.g 3+ 2x+5y -2y +3x +4xr =32 +4x) + (2x +3x) + (5y - 2y) = Tx* + 5x + 3y
Multiplication: Expressions involving multiplication can be simplified by multiplying
out the terms.

e.g 4xx3y=4x3xxxy=12xy

Division: Expressions involving division can be simplified by cancelling out the terms.

-10 -



3
e.g. 6x3y2 +2xy = §x3_1y2_1 = 3x2y
1

31 1
BXXXXXX PX Y

= 3x?
2xy Y
111

6x3y2 +2xy =

Substitution: is the replacement of the letters in an expression with specific values.
Example 1 Given that a = 3, b =5 and ¢ = 4, find the value of: (a) ab* (b) a — b — ¢?
(@) ab*=3 x (-5)*=3x25=75
b)a-b-*=3-(-5)-4#=3+5-16=-8

Expansion: is removing brackets from an expression by the term immediately before
the brackets with every term within them. The distributive law is applied.
eg. a(btc)=ab+ac

An important type of expansion involves a double set of brackets.
Example 2 Expand (x + 3)(2x - 5)

To expand this expression, multiply each term in the first set of brackets with each
term in the second set of brackets.

v Vv
(x+3)(2x=5)=xx2x+x%xX(=5)+3 x2x+3 x(-5)

=2x*} 5x + 6x—15

=2x>+x-15

1.2 Factorisation
An algebraic expression can be factorised if each term contains one or more common
factors. It is written as a product of its factors.

Example 3 Factorise 4x* — 12x

4 and x are the only common factors. Divide the common factor (4x) into each term.
4u?+4x = x, —12x+4x =3

And write the resulting expression in the brackets.

4x* — 12x = 4x(x — 3)

Check the answer by expansion.
4x(x — 3) = 4x x x + 4x % (=3) = 4x* — 12x, so the solution is correct.

Example 4 Factorise 3ax + 6ab + 4x + 8b
There is no common factor to all the four terms. Take them in pairs.
3ax + 6ab + 4x + 8b =3a(x + 2b) + 4(x + 2b)
(*."3a is the common factor to the first two terms and 4 is the common factor to the
last two terms.)

Now (x + 2b) is the common factor. .".expression = (x + 2b)( 3a + 4)

Factorisation of quadratic expressions: A quadratic expression (ax? + bx + ¢) can be
factorised into two pairs of brackets by using the following method.

Step 1: find the product of ¢ and c.

Step 2: find the factors of the product of @ and ¢, whose sum is b.

Step 3: express the term bx as a sum of terms, using the factors in step 2.
Step 4: factorise by grouping terms with common factors.

Example 5 Factorise x* + 5x + 6 P 5
The product is 1 x 6 = 6 and the sum is 5. S 5
6 couldbe 1 X 60r2 x 3. T3
2+3=5(1+6=7#5) so the factors are 2 and 3. ’

Only if the coefficient of x? is 1, the expression can be factorised directly by using the
factors.
|x2+(a+b)x+ab=(x+a)(x+b) |

Example 6 Factorise 3x*> —x — 10

=30
The product is 3 x (—10) =-30 and the sum is —1. P
30 couldbe 1 x30,2x15,3x10o0r5 x6. s !
Now the product is negative, so one factor is positive £]-65

and the other is negative.

-6+ 5=—1 so the factors are —6 and 5

Always check the answer by expansion.
(x—2)Bx+5)=xx3x+xx5-2%x3x-2%x5=3x"+5x—6x— 10=3x*—x— 10

-11 -

simsiky@gmail.com



Difference of two squares: is an expression of the form a* — b* which can be factorised
to (a + b)a—Db). ¢¢—b—= —

Example 7 Factorise 4x* — 9
4x* -9 =(2x)*-3?=(2x +3)(2x - 3)

1.3 Algebraic Fractions
A fraction which contains at least one letter is called an algebraic fraction.
Algebraic fractions can be simplified to their lowest terms by factorising both the

denominator and numerator.

Example 8 Simplify: (a) —— (b) —1—
@ axio ® 302

@ dx+xy /x(d+y) 4+y ® 32 A )x+2) x+2

Addition and subtraction: Algebraic fractions can be added or subtracted in exactly
the same way as arithmetical fractions by expressing them as fractions with the lowest

common multiple (LCM) as the common denominator.

Example 9 Express as a single fraction and simplify where possible.

2 (© 1 +2x+ 1

¥ 43x+2 x*—4 x*P-x-2

x+1 x+3 3
@ 5=+ O T3

(a) The LCM of 3 and 2 is 6.

x+l, x+3 _ 2(x+1)+3(x+3): 2x+2+3x+9 _ 5x+11
3 2 6 6 6 6

(b) The LCM of (x — 2) and (x — 3) is (x — 2)(x — 3).

32 _ 3(x-3)  2(x-2) _3(x-3)-2(x-2)
x=2 x-3 (x=2)x-3) (x-2)(x-3) (x=2)x-3)
_3x-9-2x+4 _ x-5

C(=2)x-3) (v-2)x-3)

(c) First factorise the denominators each and then find the LCM.
XH+3x+2=x+1)(x+2)
X—4=(x+2)(x-2)
X=x-2=(x+1D(x-2)
S The LCM = (x + 1)(x + 2)(x — 2)

1 + 2x 4 1
(x+1)x+2) (x+2)x-2) (x+1)(x-2)

_ 1x(x—2) N 2xx(x+1) N 1x(x+2)
() +2)x-2) (1) x+2)x—-2) (x+1)x+2)x-2)
_x=2+2x 4+ 2x+x+2 _ 2x*+dx 66()6—%2)

(x + 1)(x + 2)(x - 2) (x + 1)(x + 2)(x - 2) N (x + 1)(x + 2)(x - 2)

2x
(x+1)(x-2)

Multiplication and division: Algebraic fractions can be multiplied or divided in

exactly the same way as arithmetical fractions.
Example 10 Simplify where possible.

2

2z 4 a2 _p? xy y x*—4  xT4+x-2
a) —xX——— (b) ——— c) —+— (d +
(®) xy 4z ()a—i—b>< 12 © 6 3x ()3x2—6x 9x2
22 y _2xy _ 1
@ %y "4z xy><4242 2x

(b) First a* — b* is factorised to (a + b)(a — b)
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4 . (a+b)(a—b)/:4f(@+b)(a—b) _a-b
a+b 12 ~(a#b)x12 3

(c) First convert division to multiplication.

Xy v _xw 3x_xpx3x _ x’

6 3x 6 y €2§>< y 2
(d) Convert division to multiplication and factorise.
x2—4 ;x2+x—2:(x+zj(—2)x 9x2
3x2—6x 3 9x> (x-2) " (x+2)x-1)
—/

/1 ‘.,
B (x+;))<9x _ 3x
S 3xx(x+2)(x-1) x-1

Exercise 5
1 Expand and simplify where possible: (a) 2x(3x —y) (b) 3(3x—y) —4(4y + x)

2
(©) (a+5) (a=2) (d) (x=2y)(Bx +4y) (¢) (2a—3b)* (D) (2x - %)

2 Factorise completely: (a) 3x? — 6x (b) 3ac — 6ad — 2bc + 4bd () x* + 3x +2
@x*+6x+9 (e)x*—4x—21 (f)2x*—5x—3 (g) 12x* - 5xp - 2y*
(h) 49 —16x* (i) a®b*—4c* (j)sP—4s +2£ -8

3x2 +10x—8 2-a 1 2

0 o ) —+Z
6x% —13x+6 © 4 Wty

3 Simplify: (a) (b)

X
2
xyz

© 1 4 1 0 1 1 © 2x—2yx 3
. _
X+y x-—y X=2 2x2_7x+6 °© 9 y—x

x+1 % 2x-38 x2+4xy+3y2+x+y

h i
()x2—7x+12 ¥ +2x+1 ® xy y

6 Equations

An algebraic equation is a mathematical statement that two algebraic expressions are
equal. An equation is solved by finding the value of the unknown variable(s). Any value
of the variable(s) that satisfies the equation is a solution.

1.4 Rearranging an Equation (Changing the subject of an equation)
Expressions in an equation can be rearranged so that one of the terms is on its own to
the left of the equal sign (=). Then the equation can be solved for that term.

13-
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2x—1
x—3z
(a) Leave x on the left side and move 4y to the right side. .".x=3 -4y

Example 1 Rearrange forx. (a)x+4y=3 (b) y =

(b) Remove the denominator (x — 3z) by multiplying both sides by it.
yx—=3z)=2x—-1 i.e.xy—3yz=2x-1
Collect the x terms by themselves on the left side.
xy—2x=—1+3yz ie.x(y—-2)=3yz—-1
. . . 3yz—1
Divide both sides by (y —2). .. x = —F—
y—2
(77)Linear Equations
A linear equation is an equation involving an expression of the first degree (the highest
power of variables is 1).
Linear equations in one variable: A linear equation in one variable x can be written in
the form ax+ b=0, where a #0. e.g. x+2=7, 3x+2=5
To solve a linear equation in one variable, rearrange and solve it for that variable.
Example 2 Solve forx: (a) 2x—1=x+3 (b) 7(x +3)—2(x—4)=4
© x;S _ 3x+1 ~ .3 ) 3 1.1
5 2x x 4

(a) Collect like terms. 2x—x=3+1 .".x=4

Check the answer by substituting it into each side of the original equation.

Leftside=2x4—-1=8-1=7 Rightside=4+3=7

As left side = right side, the answer is correct.
(b) First expand. 7x +21-2x+8=4

Then collect like terms and simplify. 5x =4 —-29 5x=-25

Divide both sides by 5. x=-5
(c) First remove fractions by multiplying the LCM (10).

x—5 3x+1

10x —10x =10x(—3) 5(x—5-23x+1)=-30

Then expand, collect like terms and simplify.
5x-25-6x-2=-30 x=-30+27 x=-3 .".x=3
(d) Remove fractions by multiplying the LCM (4x).

-14 -

4x><i—4x><l = 4)c><l 6-4=x J.x=2
2x X 4
Linear equations in two variables: A linear equation in two variables x and y can be
written in the form ax + by + ¢ = 0, where a and b are not equal to 0.
eg x—y=3, 2x+y=5, 2x-4y-9=0
These equation have an infinite number of pairs of values of x and y which satisfy the
equations.

Simultaneous equations of linear equations in two variables: are pairs of linear

equations in which the two variables represent the same numbers in each equation.

To solve simultaneous equations, find a solution which satisfies both equations.

There are mainly two methods to solve simultaneous equations.

(1) Substitution method

(i1) Elimination method

Unless the question asks for a specific method, you are free to use any method you
prefer.

Substitution_method: One variable is expressed in terms of the other in either of the
given equations and this expression is substituted into the other equation.

Example 3 Solve: 2x—y =5
x—2y=4

Rearrange the second equation to solve for x. x =4 +2y

Substitute this expression for x into the first equation. 2(4 +2y)—y =15

Expand, collect like terms and simplify.

8+4y—y=53y=5-8=-3 ..y=-1

Substitute the value of y into the rearranged equation. x=4+2 x (-1)=4-2=2

The solution is x =2, y = —1

Check the solution by substituting it into the other equation.

Left side =2x—y =2 x (2) — (-1) =4 + 1 = 5 = Right side, so the solution is correct.
Elimination method: One variable is eliminated in order to leave only the other variable.
Example 4 Solve: (a) 2x—3y=4 (b)x+4y=7 (c)2x—y=5

x+3y=11 x+2y=3 x-4y=6
(a) Now the coefficients of y are opposite (— 3 and 3), add the equations.
2x—-3y=4
+



X i 3y=11

2x+x)+(=3y+3y)=4+11 3x=15 . .x=5

Substitute 5 for x into either of the equation (now the second equation).
543y=11 3y=11-5=6 ..y=2

The solutionisx =15,y =2.

Always Check the solution by substituting it into the other equation.

Left side=2 x 5—-3 x 2 =10 - 6 =4 = Right side, so the solution is correct.

(b) Now the coefficients of x are equal (1 and 1), subtract one equation from the
other.
x+4y=7
- X } 2y=3

x—x)t@y-2y)=7-3 2y=4 ..y=2

Substitute 2 for y into either of the equation (now the second equation).
xX+2x2=3 x=3-4=-]

The solutionis x=-1,y =2

(c) If the coefficients are not equal or opposite, find the LCM of the coefficients of
one of the variables and make them the same in each equation.
Now choose x, the LCM of 1 and 2 is 2. Multiply the second equation by 2.
2X(x—4y=6) 2x—-8y=12
The coefficients of x are equal (2 and 2), subtract one equation from the other.
2x—-y=5
—2x )_— 8y =12
2x-2x)+ (v -(8)=5-12 Ty=-7 ..p=-1
Substitute —1 for y into either of the equation (now the second equation).
x—4x(=1)=6 x=6-4=2
The solutionisx =2,y =-1
(4) Quadratic Equations
A quadratic equation in one variable x can be written in the form ax* + bx + ¢ = 0, where
a, b and c are real numbers and e £0. e.g. X*+3x+2=0, ¥*-4=0
The solutions of a quadratic equation are called roots. Quadratic equations will always
have two roots which may be equal.

There are three methods to solve quadratic equations.

(1) Factorisation method
(i1) Completing the square method
(ii1)) Formula method

Factorisation method: involves factorising the equation to give two expressions in
brackets. In general, given ab = 0, we can say a = 0 or b = 0. So by taking each bracket
at a time, the two possible solutions can be found. Not all quadratic equations can be
solved by factorisation method.

Example 5 Solve: (a) x>~ 5x=0 (b)x*-3x+2=0

(a) Factorise the left side. x(x—5)=0
Since the product of the factors is 0, one of the factors must be 0.
x=0orx-5=0
Therefore the roots are x =0 or x = 5.
Check the solutions by substituting them into the original equation.
When x = 0, Left side = 0?5 x 0 = 0 — 0 = 0 = Right side
When x =5, Left side = 52— 5 x 5 =25 — 25 = 0 = Right side
So the solutions are correct.
(b) Factorise the left side. (x—1)(x—2)=0
(In the quadratic equation, the product is 2 and the sum is -3,
so factors are —1 and -2.)
x—1=0orx—-2=0
Therefore the roots are x =1 or x = 2.

This method should always be tried first. If it is not possible, then use either of the other

two methods.

Completing the square method: is making the left side of a quadratic equation into a
perfect square, the form (x + a)*. This method can be used to solve any quadratic

equation.
Example 6 Solve x> —4x—-1=0

x? —4x — 1 =0 cannot be factorised.

-15-
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Move the constant (—1) to the right side. x*—4x=1 (i)
Halve the coefficient of x and complete the square on the left side.

2
(x—%j :(x—2)2 :x2 —4x+4 .'.x2—4x=(x—2)2—4

So (i) becomes (x — 2)* — 4 = 1 which gives (x —2)*=5
Take the square root of both sides. x — 2 = ++/5 = +2.236
Sox=2+22360rx=2-2.236
Therefore x = 4.24 (2dp) or x =—-0.24 (2dp)
Formula method: is given by generalising the above method.
Take the general quadratic equation as ax® + bx + ¢ = 0.

Divide both sides by . x> +Zx+< =0
a a

Move the constant ( < ) to the right side. )c2 +—x=—— (i)
a
2 2
2a a 4a>
2 2 2 2 2
So (ii) becomes: (x + i) _b e (x + ij _b" ¢ _b"~4ac
2a 4a® a 2a 40> a 4a®
b )2 b% — 4ac b b _ i
X+—| =— Then + 2 4 rac.
( 2a 4a* " 2a 2a

= —b+b* —4ac

2a

Example 7 Solve 2x*—5x+1=0

Compare with ax*> +bx +c=0:a=2,b=-5and c=1

Then , —(=5)£4(=5)* —4x2xI _ 54417 _5+4.123

2x2 4 4

-16 -

_ 9.123 or 0.877
4 4
() Equations Involving Indices
There are two types of equations involving indices.

=2.28 or 0.22 (2dp)

Equations of the form x* = b: (where x is a variable and @ and b are constants) can be
solved by raising both sides of the equation to the reciprocal of the power a.
In general,, x*=b

. 1 1
The reciprocal of a is o (xa )a — pa

x 4 =5h“ x=b¢
1 -2
Example 8 Solve: (a) x* =8 (b) v2=3 © 43 16
1 1 1 1
(a) The reciprocal of 3 is % (x3)§ _g3 x3X§ :(23)5
3><l 1
nx=23=2'22 O g3 _3g=2)
| Lo (Ve
(b)TheremprocalofE is 2. [x2j =3 x2_9 x=9
2N - 2 (-3 _
(c) The reciprocal of —% is —%. [XTZJ > 162 xTX( 2] _ (42 )73
2><(;3) 1 1
x=4 \2) =43 =L -~ (or
43 64

—3

x=162 :(16%J_ —(V16)7 =a73)

Equations of the form a* = b: (where x is a variable and a and b are constants) can be

solved by expressing both sides of the equation in index form with same base, and
equating the powers.

Example 9 Solve: (a) 2*=8 (b) 25*=5 (c¢) 27" :%

(a) Express both sides in index form with common base. 2*=2°

Then equate powers. x =3



(b) (52)" =5' 52x =5' 2x=1 .'.x=%

3y _ 1 2

o) =% 3v=32 =2 x=-%

© ) = :
(X)Functions

A function is an operation that is applied to a given set (the domain) of values to give

another set (the range) of values. Each element in the domain is related to only one
element in the range. A function is represented by the letter f.

e.g. fix)=2x
domain | 1 P2 tange
%
4 Ps
5 P10
>

Example 10 If fix) =2x + 3, find: (a) f{~2) (b) x when f(x) =5
(a) Substitute —2 for x into the equation.
f2)=2%x(2)+3=-4+3=-1
(b) Substitute 5 for f{x) into the equation and then solve for x.
5=2x+3 5-3=2x 2=2x ..x=1

Notation

y = flx) is a way of expressing that there is a function of x which maps x-numbers onto
y-numbers.

e.g. Given that f{x) = 2x + 3, then y = f(x) is the same as y = 2x + 3

flx) =y is sometimes written as f x — .
e.g. fi x — 2x is the same as f{x) = 2x

Inverse functions: An inverse function is an operation that reverses a function. This is
written as /'(x). i.e. If fmaps x onto y, then /' maps y onto x.
The inverse of a function can be found by rearranging an equation for x.

Example 11 Find: (a) the inverse function of f(x)= 3=5x 5x (b) £'(=1)
(@ Lety=fx). y= 3 —25)6
Rearrange forx. 2y=3—-5x 5x=3-2y .. x= 3 —52)/
Exchange x andy. y = 3 _52x
3-2x 2
Lety=/'(0). = /7 (x) = =55
(b) Substitute —1 for x into the equation. fﬁ1 (— 1) = 3- 2;( (_1) ===1
Exercise 6
1 Rearrange the following equations to make the subject the letter in brackets.
PRT 3 q-1 x+1
I=—=—1[R] b) V== =——[f] (d) y=
(a) 100 [R] (b) 4TU” [r] (©) p > (7] (d) y P

2 Solve forx. (a) 10x+3=4x+6 (b)3(x—1)— (1 —x)=—4

4(x—2)_x+3__L (d)l_L:l
5 2 10 3x 2x 4

(©)

3 Solve the simultaneous equations.

@x+y=9 (b)2y—-3x=-22 (c)x+2y=0 (d)2x+3y=

y=2x x=4-y x=3y=2 3x-2y=-7

4

4 Solve for x. Where necessary give the answers correct to 2 decimal places.

(@)X =3x (b)x*+5x+6=0 (c) x>~ 6x=-9 (d)2x*—5x—3=0

(€3 -x—1=0 ()22 +x=5

5 Solve forx: (@)’ =27 (b) 3 _, (c) x* :% d) x
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() 2°=16 () 10°=1 (g) 25%

Lol s

,Xx#0,

6 Giventhat f(x)= 2x -3
X

find: (a) A-3) (b) x when fix) =5 (c) an expression of f'(x) (d) f'(-4)

7 Coordinates and Graphs
(7)Coordinate Systems

Cartesian coordinates: give the position of a point in a plane (two dimensions) by
reference to two coordinates axes ( the x-axis and the y-axis) at right angles

The coordinates (x, y) describe the position of a point in terms of the distance of the
point from the origin, (0, 0). i.e. The x-coordinate is the distance of the point from the
origin, parallel to the x-axis and the y-coordinate is the distance of the point from the
origin, parallel to the y-axis. The x-coordinate is always written first.

e.g. yA
4 ]
(2,3)
34----9
|
24 | The coordinates of
(—4;_1)_ ______ | : the origin are (0, 0)
I I
| l l l l l l l
s T >
| 14 |
I
2 |
I
& ————= 31 |
(3%3) \
Tt

(4 ) General Graph Terms
Gradient: is the rate at which y increases compared with x between any two points.

The gradient is usually written as m.

gradient (m) =

changeiny ;-

linear equation.

y—c
X

Then m =

-18 -

positive
gradient

changein x>, —

x-intercept: is the point where the line or curve cuts
across the x-axis. At the x-intercept, y = 0.
y-intercept: is the point where the line or curve cuts
across the y-axis. At the y-intercept, x = 0.

() Straight Line Graphs
Constant graphs: are graphs in which the value of a variable is constant.

At any point on the line, x-coordinate is /.
v =k — The line is parallel to x-axis.

In the diagram, the line has gradient m and cuts the y-axis at (0, ¢).
c is the y-intercept. P(x, ) is any point on the line.

y=mx+c

This is the general equation of a straight line which has a

()
change in y
) =y,=,
xl (xl’ yl)

change inx=x_—x
2 1

A positive gradient slopes upward to the right.
A negative gradient slopes downward to the right.

negative
gradient

x-intercept

e.g. x=h — The line is parallel to y-axis.

y-intercept
~

At any point on the line, y-coordinate is k.

AN

y x=h
A

k

of & >x

Linear graphs: are graphs in which the relationship between variables is given by a

gradient:m



gradient m and the y-intercept c. ‘y‘ -7 ‘ 2 | 7 ‘ 8 ‘ 8 ‘ 7 ’ 5 | -2 ‘—13‘

Example 1 State the gradient and y-intercept of the line x + 2y = 2 and draw the line. (a) Draw the graph.
1 (b) By drawing a tangent, find the gradient of the curve at the point (1, 5).
Rearrange fory. 2y=—x+2 .. y= _Ex +1 (A tangent is the line which touches the curve at the point.)
1 (c) Estimate the area bounded by the curve, the x-axis, x =—1 and x = 1.
Then gradient = —3 and y-intercept = 1.

(a) Plot these coordinates and draw
To draw a straight line, the coordinates of any two points on the line must be found.

(In most cases, x-intercept and y-intercept are useful.)
Find the x-intercept. At the x-intercept, y=0. x+2x0=2 ..x=2
The coordinates of the two points are (0, 1) and (2, 0).

a smooth curve through them.
(b) Draw a tangent and find the coordinates of any point
on the line. Now use the x-intercept (2, 0).
-5
2-1

(¢) Draw two trapeziums in

Then join them. So the gradient m = -5

which each height is 1 unit.
Then find the total area
of the trapeziums.

Example 2 Find the equation of the line through A(1, 7) and B(-2, -2).

7-(=2) 9 YA
—(2) 3 ° -7

The gradient m = Area = area of @+ area of @

The equation is y =3x + ¢

:%x(7+8)x1+%x(5+8)x1:7.5+6.5:14unit2

Then find the y-intercept ¢ by substituting If each height of a trapezium is 1/2 unit, a better estimate is obtained.

x =1 and y =7 into the equation. >
7=3x14c c=7-3=4 (-2,-2) '2___ In general, completing the square

So the equation is y = 3x + 4

(T) Curve Graphs
Quadratic graphs: are graphs in which the relationship between variables is given a

This aives the coord: fthe turming noint | — L _ b2 —4ac
quadratic equation. All quadratic graphs can be written in the form y = ax* + bx + c. Its 1s gives the coordinates of the turning point 20’ da )

shape is that of a parabola.

Example 3 The table below shows some of the values of x and the corresponding
values of y for the equation y = -2x*> —x + 8.

x| 3] 2] 1 Jan] o Jw] 1t [ 2] 3]

19—
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Find the turning point by completing the square.
y=@x+2)-4-5=(x+2)-9
So the coordinates of the turning point are (-2, —9)

Plot these points and draw a smooth curve through them.

Other graphs

a>0 forminga ‘cup’ a<0 forminga ‘cap’ Example 5 The variables x and y are connected by the equation y =20 — 2 —x2.
X
b 2
N x= 54 A —zi, —%j The table below shows some corresponding values of x and y. The values of y are given
a a
/ correct to one decimal place where appropriate.
< axis of 7 > & x 1 L5 2 3 4 5 6 7
symmetry /
(0, ©) \ 0, ¢) y 7 9.8 10 7 1 -7.4 -18 a
0 \< > (a) Calculate the value of a.
b bE- 4acj b (b) Draw the graph of y =20 — 12 _ x2 for the range of 1 <x <7.
2a’ 4a === X
2a (c) By drawing a tangent, find the gradient of the curve at the point where x = 3.
y g g g p
(d) Using your graph, solve the equation 20 — 12 _ x2=x
X
(a) Substitute 7 for x into the equation. a = 20 — % —7% =-30.7 (to 1dp)
(b) Plot the points and draw a smooth curve.
y
15A
In general, to draw a quadratic graph (y = ax* + bx + ¢), find the coordinates of: 10 s
(i) the y-intercept = (0, ¢)
(ii) the x-intercepts = (x, 0) (if it exists and if the expression can be factorised) L >x
(the values of x are the roots of the equation ax* + bx + ¢ = 0) i
2 _ tangent
(iii) the turning point (the bottom of a parabola) = (— % , — b4—:acj

Example 4 Draw the graph of the equation y = x> + 4x — 5.

First find the y-intercept. ¢ =—-5
Find the x-intercept. At the x-intercept, y =0 (c) Draw a tangent and then find the coordinates of the x-intercept. x ~ 4.5

0=x’+4x-5 (x+35)(x-1)=0 ..x=-5, 1
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.".the gradient m = 0-7 __14

45-3 3
(d) The solution is obtained by solving the simultaneous equations y =
20—2—)62 and y = x. Draw the line y = x. The point where two lines
X

intersect is the solution. .".x~3.6

(#) Distance-Time and Speed-Time Graphs
Distance-time graphs: are graphs which show the distance moved by an object with
time.

The gradient gives the rate of change in distance i.e. the speed.
change in distance

speed = -
P time

Example 6 The graph below shows the distance of an object over a time 5sec. Find the
speed. A

distance
(m)
0
speed = change in distance _80-0 _ 16 m/s

time 5

Speed-time graphs: are graphs which show the speed of an object with time.

The gradient gives the rate of change in speed i.e. the acceleration.
change in speed
time

acceleration =

If acceleration is negative, it is called deceleration or retardation. This means the speed
of an object decreases.

The area under the speed-time graph gives the distance travelled by an object.

Example 7 The diagram below is a speed-time graph of a journey.

0 10 20 40 > time (s)

-21 —

Calculate: (a) the acceleration for the first 10sec.

(b) the deceleration for the last 20sec.

(c) the distance covered in the first 10sec.

(d) the total distance covered in 40sec.

(e) the average speed for the whole journey.

(f) the speed at 25sec.
(a) acceleration = change.: in speed _20-0

time 10

(b) The formula of deceleration is the same as that of acceleration.

changeinspeed 0-20 _

= =_1 2
time 20 m’s

(c) The distance covered in the first 10sec is represented by the shaded area below.

2
i

0 10 20 40 >

=2 m/s?

deceleration =

distance = shaded area = % x10x20=100m

(d) The total distance covered is represented by the shaded area below.

-

0 " -'1-0-' = -'2’-0-' » i 40 >
distance = shaded area = % x(10+40)x 20 =500 m

total distance _ 500
total time 40
(f) This question asks the speed as shown below.

(e) averagespeed = =12.5m/s

0

simsiky@gmail.com



From the formula of acceleration (a = VTMJ , V=u-+at is obtained.

Now a = -1 m/s? from (b).
Jospeed=20+ (1) x5=20-5=15m/s

Exercise 7

1 Draw the following lines and write down: (i) the gradient, (ii) the y-intercept each.
@y=x-2b)2x—y=—4 (c)2x+3y=6

2 Draw the following quadratic graph: (a) y =2x* (b)y=-x*+3x+ 10

3 The variables x and y are connected by the equation y = 4—§+x and some
X

corresponding values are given in the table below.

0.5 1 1.5 2 3 4 5
y | 75 -1 1.5 3 5 6.5 a

(a) Calculate the value of a.
(b) Draw the graph of y =4 — 6 +x for the range of 0.5 <x <5.
X

(c) By drawing a tangent, estimate the gradient of the curve at the point where x = 3.
(d) Estimate the area between the curve, the x-axis, x =2 and x = 5.

(e) Using your graph, solve the equation —5 =4 — 6 +x.
X

(f) Using your graph, solve the equation 10 — 6_ 3x=0.
b
4 The graph below shows how a car is decelerated uniformly from a speed of 30m/s to
20m/s in 20sec and then uniformly brought to rest after a further Sseconds.

A
speed 30
(m/s)

time (s)

Calculate: (a) the deceleration of the car for the first 20sec
(b) the total distance travelled in 25sec
(c) the average speed
(d) the speed of the car at 22sec

8 Inequations and Linear Programming

An inequation (inequality) is a mathematical statement that two algebraic expressions
are not equal.
(7)Basic Inequation

Inequation notation
The sign < means “less than”.
The sign > means “greater than”.
The sign < means “less than or equal to”
The sign > means “greater than or equal to”.
e.g. x>y means that x is greater than y.

a < b means that a is less than or equal to b.

Rules for inequations
If a > b, then

(1) ax > bx and a. b if x is positive.
X X

(i1) ax < bx and 4 - b if x is negative.
X X

If an inequation is multiplied or divided by a negative number, the inequation sign must
be reversed.

eg. 6>-2
. 6 _ -2 .
then6 x2>-2x2 je. 12>-4 and§>7 re.3>-1
) 6 -2 .
but 6 x (-2) <-2 x (-2) i.e.-12<4 and —2<—2 ire.-3<1

-22 -




(A )Linear Inequations
A linear inequation is an inequation involving an expression of the first degree.

Linear inequations in one variable: can be solved in a similar way to that used in

solving linear equations.
Example 1 Solve: (a)3x—4>5 (b)2(1 —x)>3(x+4)
(a) Move —4 to the right side. 3x>5+4=9 .".x>3
This is illustrated on a number line. An open circle (0) means that the value at 3
is not included. O
< | I i i i i i !
9 0 1 2 3 4 5 6
(b) First expand. 2 —2x>3x+ 12
Then collect like terms and simplify. 2x—-3x>12-2 —5x>10

Divide both sides by —5. (The sign must be reversed.) x <-2

Y"

This is illustrated on a number line. A shaded circle (o) means that the value at —

2 is included. P

N

||
¢ ¢ ¢ 0 6 0 |

Double inequation: represents two inequations.

e.g. 1 <x<3 xis greater than 1 and also less than or equal to 3.
Example 2 Solve 1 <2x + 3 <7 and illustrate on a number line.
Take each inequation separately.

1<2x+3 2x+3<7
1-3<2x 2x<T7-3
—2<2x 2x <4
-1<x x<2

These solutions can be expressed by the double inequation —1 <x < 2.
] | | | | | |
¢ 6 ¢ 0 1 2 3

|

>
4
Linear inequations in two variables: can be shown by the half planes on the
coordinate plane.
Example 3 Show the solution of y > x + 1. y

First draw the boundary line y = x + 1. Find yﬁ

the two points on the line. rexl

7

y=x+1

The y-intercept is 1. (*." 1 is constant)
At the x-intercept, y =0 0=x+1

Join these points, (0, 1) and (-1, 0)
To determine the half plane, take the origin (0, 0) as a test point. Substitute the

S =-1

coordinates of the origin into the inequation.
0>0+1=1 which is not true.
i.e. the inequation does not include the origin.

So the solution is above the line.

If the line does not pass through the origin, it should be used as the test point to

determine the half plane.

are not included. To show this, a broken (dotted) line is used. ::_:_y Gl

VA
If the inequation was y > x + 1, points on the boundary line ;’W;j}fy y=x+1
>

For any function, i x
(1) if y > f(x), the solution is above the line.

(ii) if y < f{x), the solution is below the line.

y=fx)

y
Note to here th egions are the so

But sofne questions ask e the unwanted 7

y<fx)

ired regys.
uﬁ+ 2y <6 by

First draw the boundary lines one by one, then shade the unwanted regions.

%ﬁ

Example 4 Illustrate the solution set of inequations x > -2,
shading the unwanted regions.

'iélié @

Oy
o

5 o




Draw x = -2 and shade to the left (x <-2).
Next draw y = —1 and shade below the line (y <-1).

Thendrawx +2y=6= y = —%x + 3 and shade above the line (y > —%x-l— 3) .

(’.'x+2y$6 = ys—%x+3j

The solution set is shown by the unshaded region.
() Linear Programming
Linear programming is a method used to maximise or minimise a linear function subject
expressed by linear inequations. Solutions are usually found by drawing graphs of
inequations and looking for optimum values which satisfy the required conditions.
Problems frequently relate to getting maximum profits for output and cost.

Example 5 A business man decides to buy two types of chickens, broilers and layers.

Broilers cost K20 000 per each and layers cost K30 000 per each. He has K600 000. He

decides that the total number of chickens should not be less than 20 and there should be

at least 10 layers. He buys x broilers and y layers.

(a) Write down three inequalities which correspond to the above conditions.

(b) Illustrate these inequalities on a graph by shading the unwanted regions.

(c) He makes a profit of K5 000 on each broiler and K5 000 on each layer. Assuming he
sells all his chickens, find how many chickens of each type he should buy to

maximise his profit and calculate his profit.

(a) Cost must be less than K600 000. = 20 000x + 30 000y < 600 000
Total number of chickens is not less than 20. = x + y > 20
There are at least 10 layers. =y > 10

(b) Rearrange the first inequation.

20 000x + 30 000y < 600 000 2x + 3y < 60 .'.yﬁ—%x+20

-4 -

Draw y = —%x + 20 and shade above the line (y > —%x + 20) :
Next rearrange the second inequation. x +y>20 .. y>-x+20
Draw y = —x + 20 and shade below the line (y <—x + 20).

Then draw the line y = 10 and shade below the line (y < 10).

(c) Total profit is 5 000x + 5 000y.

Let k represent the total profit. 5 000x+ 5 000y=%k ..y =—x+ 5 (;cOO
This is the straight line in which th dient is —1 and y-int t'L
is is the straight line in which the gradient is —1 and y-intercept is =555

When the y-intercept is maximum, his profit is maximum.

ﬁ can be drawn as shown below. When this line

passes through the point (15, 10), the y-intercept becomes maximum.

Therefore x = 15 and y = 10.

(15 broilers and 10 layers)

Profit =5 000 x 15+ 5 000 x 10
= K125 000

The line Yy =—x+

AW

5 10 15 2'0\2'5 30

(=]

Exercise 8
1 Solve the inequations and show on a number line. (a)2x>x—1 (b) 1 —x>x-35



(®%+1<6—x d-1<x+2<4

2 Find the integer x such that x +2 <7 <2x + 1

Given that -2 < x <3 and -6 <y <4, find: (a) the smallest possible value of x + y
(b) the largest possible value of x —y (c) the value of y if y* =25
Shade the solutions of the inequations. (a) y>-x+3 (b) 3x—2y<6
[lustrate the solution sets of the inequations by shading the unwanted regions.
@x=>0,y>0,x+y<4 (b)x>-2,y<4,2x+3y<12
©)y<x+2,y<-2x+6,3y>-2x+6
A new tablet is being tested with two chemicals, acid A and acid B. Each milligram
of acid A uses a volume of Imm?® and each milligram of acid B uses a volume of
2mm?. It is given that each tablet contains x mg of acid A and y mg of acid B.
(a) Express each of the following conditions as an inequality involving x and y.
(1) The total mass of the chemicals must be at least 60mg.
(i1) The mass of acid B must be at least more than that of acid A.
(iii) The mass of acid B must not be more than twice that of acid A.
(iv) The volume of a tablet must not be more than 150mm’.
(b) Show these four inequalities on a graph by shading the regions which are not
required.
(¢) Using your graph, find the mass of acid A and the mass of acid B in a tablet
containing the greatest possible amount of acid B.
(d) Find the smallest possible volume of a tablet.

9 Proportion and Variation

(7)Proportion
A proportion is a relationship of the equality of ratios between two pairs of quantities.
The symbol o« means “is proportional to” or “varies as”.

Direct proportion: is the relationship between quantities, such that both quantities
increase or decrease in the same ratio.

e.g. If a speed(v) of a car is constant, the distance(x) travelled by the car is directly
proportional to the time(f) taken as x = vt, i.e. x o ¢ (v is constant).

Inverse proportion: is the relationship between quantities, such that when one quantity
increases the other decreases in the same ratio.

e.g. If a travel distance(x) is fixed, the time(¢) taken is inversely proportional to the
speed(v) of acaras v = % ,l.e. yoC % (x is constant).

Example 1 A holiday is planned for a group of 20 children and food is bought to last for
15days. If the number of children were to increase to 25, how long would the same
amount of food last?
20 children — 15 days
25 children — x days

The number of children is inversely proportional
to the number of days to last food.

_25-
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_20x15

20x15=25xx .. x
25

=12 days

(A ) Variation
Variation requires you to find a constant in a formula that relates two or more variables

in a ratio.

Direct variation: If y is directly proportional to x (y varies directly as x), this is written
as y oc x. Then this relationship can also be written as y = kx where £ is a constant (the

constant of proportionality). negative k IA positive k
Fhe-graph-for-direet-variation is a straight line.
>

Example 2 y varies directly as x and y = 6 when x = 2. Find the value of y when x =5
This relationship can be written as y = kx
Then6=kx2 k=3 ..y=3x Soy=3x5=15

Inverse variation: If y is inversely proportional to x (y varies inversely as x), this is

written as ) oC 1 . Then this relationship can also be written as y = k .
X X

yOCl = yzkor Xy =K
X X

A
The graph for inverse variation is a curve (hyperbola).
Example 3 y varies inversely as x and y =4 when x = 6. Find y =3—>
This relationship can be written as ) = k .
b
Thenk=xy=6x4=24 ".y=% So y=23—4=8
b

Joint variation: is a variation in which one variable depends on two or more other
variables.

e.g. The volume ¥ of a cylinder is given by ¥ = ur*h. V varies directly as the square of
the radius () and directly as the height (4).

Example 4 y varies directly as z and inversely as x?, and when y = 6, z = 3 x = 2. Find
the values of y when z = 6 and x = 4.

. . . . z
This relationship can be written as ¥y = —-.

xZ
2 2 8z 8x6
Then j = 2% _ 6x27 _ Ly=— Soy= =3
k z 3 8 x? 42

Exercise 9

1 It takes 6 people 12 hours to paint a house. If the work has to be completed in 8
hours how many people will be needed?

2 yvaries directly as the square of x and y = 8 when x = 2. Find y when x = 5.

3 yvaries inversely as (x —2) and y = 2 when x = 5. Find y when x = 8

4 y varies directly as the square of x and inversely as z. y = 5 when x = 1 and z =3.

Find: (a) the equation (b) y whenx=2andz=5 (c)x wheny=6andz=10
10 Angles, Polygons and Bearings

(77) Angles
Types of angles

Acute angle Right angle Obtuse angle
0° <68 <90° 0 =90° 90° < 8 < 180°

<

Straight angle Reflex angle Full turn
6 =180° 180° < 8 < 360° 0 = 360°

180°

0 360°
m _f— < ;
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Related angles

] ) ngles a and b
Adjacent angles: are angles which have a common a

are adjacent.
vertex and a common line.

Supplementary angles: are two angles
which add up to 180°.

Complementary angles: are two angles
which add up to 90°.

|
|
| ] a+b=180°
|b a+b=90 a

Vertically opposite angles: are the angles

on opposite sides of the point where two
straight lines cross. These pairs of angles

are equal.

Angles associated with parallel lines: t/rans"ersal
Corresponding angles: are angles which lie on the 4

same sides of the transversal and on the same relative b a=bh
sides of the parallel lines. Corresponding angles are

equal.

Alternate angles: are angles which lie on the opposite

sides of the transversal and on opposite relative sides C d c=d

of the parallel lines. Alternate angles are equal.

B

. A >—C
Example 1 Find: (a) ZBEG 45° 607
(b) BFG
D 5 * G
(a) BEG = ZABE ("."Alternate angles)

=45°
(b) BFG = 180° — ZBFD ("."Supplementary angles)
= 180° — ZCBF ('."Alternate angles)

=180"-60°=120°

(A ) Polygons

A polygon is a plane shape enclosed by three or more straight lines.

Types of polygons

A regular polygon is a polygon with all sides equal and all angles equal.

Number Name of Shape Number Name of Shape
of sides polygon of sides polygon
3 Triangle A 7 Heptagon O
4 Quadrilateral 8 Octagon O
5 Pentagon Q 9 Nonagon O
6 Hexagon <:> 10 Decagon O

Angles of a polygon
-An interior angle is the angle inside a polygon

between two adjacent sides.

-An exterior angle is the angle between a side interior

of a polygon and an adjacent side extended angle

exterior
angle

outwards.

Sum of the interior angles

e.g. Sum of the interior angles of a triangle
A D A E
O b\ &

VA aNe BZ) (\c

Draw a parallel line through A to side BC.

27—
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b = /DAB (."Alternate angles) Similarly zc = ZEAC ~.Sum of exterior angles =n % 180° — (n —2) x 180" = 360°
sa+b+c=180° ("."Straight angle
( & gle) Sum of the exterior angles of any polygon = 360°
e.g. Sum of the interior angles of a quadrilateral and a pentagon
In a quadrilateral, if one diagonal is drawn, Example 2 Find the size of each exterior and interior angles of a regular hexagon.
there are two triangles in it. . A hexagon has 6 exterior and 6 interior angles.
> 2 triangles o
. The sum of the interior angles of a quadrilateral Each exterior angle = 360 — 60°
=2 x180°=360°
In a pentagon, if two diagonals are drawn, Each interior angle = 180" —60" =120
there are three trla.lnglels in it. A 3 triangles o (6 _ 2) = 180° 1200
~.The sum of the interior angles of a pentagon 6
=3 x 180° = 540°
Name of Number | Number of Sum of Example 3 ABCD is a kite in which Z/DBC = 65° and Z/DAC = 30°. D
polygon of sides | triangles interior angles Find (a) /DAB (b) ZADB (c) Z/ADC (d) £/DCB /M\
Triangle 3 1 1 x 180" =180° (a) AABD is an isosceles triangle. 30° .\
Quadrilateral 4 2 2 x 180° = 360° ~[DAB =2 x /DAC =2 x 30° = 60° W
P S o__ o__ o
Pentagon 5 3 3 x 180° =540 (b) ZADB = ZABD = 180 2ZDAB _ 180 : 60° _ 60° %
. . . (c) ACBD is an isosceles triangle. ..[CDB = ZCBD = 65°
n-sided polygon n n-2 (n—2)x 180 “[ADC = ZADB + /BDC = 60° + 65° = 125°
Sum of the interior angles of an n-sided polygon = (n — 2) x 180° (d) ZDCB = 180" 2 > ZBDC = 180" - 2 x 65" = 50
Sum of the exterior angles
A
Example 4 ABCDE is a regular pentagon. Find the size of ZACD.
B E
Each interior angle = % =108°
triangle quadrilateral entagon 360° D
; — — o . _ o Ano
An n-sided polygon has 1 exterior angles. (or each exterior angle 72° interior angle = 180° — 72°)
The sum of exterior angle and the interior angle a+b=180" AABC s an isosceles triangle, ABCA -
o o (o)
next to it is 180° because of a straight angle. D 180 _2LABC = 180 ; 108 =36°
~.Sum of exterior angles + sum of interior angles = n x 180° ~[ACD=108"-36°=72°
Here sum of interior angles = (n — 2) x 180°
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() Pythagoras Theorem

) ] . hypotenuse
In any right-angled triangle, the square of the hypotenuse is

c
equal to the sum of the squares of the other two sides.

This can be rearranged to: ¢ = +/g2 + b2

Example 5 Find the length of the side marked x.

Use the formula.

xcm
=32+4=9+16=25
25 =5cm

3cm
4cim

A set of three positive integers (a, b and ¢) which satisfy Pythagoras theorem (¢* = a* +
b?) is called a Pythagoras triple.
There is an infinite number of Pythagoras triples. The most well known are:

3,4,5; 5,12,13; 7,24,25; 8,15,17

Example 6 An equilateral triangle has sides of length 6cm. Find the height of the
triangle. A
In an equilateral triangle, the lengths of all sides are equal.
In the diagram on the right, the height is AD.
BD is 3cm because of half of BC. B D C
Use the formula. 62=3*+71* B*=6-32=36-9=27
“h=~27 =520cm

6¢cm

Example 7 If A is the point (3, 1) and B is the point (5, 5)
(a) Plot the points A and B on a coordinate plane.
(b) Calculate the distance AB.

B
(a) The diagram is on the right.
(b) Let C represent a point (5, 1). 4
AC=5-3=2,BC=5-1=4
A C

Use the formula.

AB =42 +22 =420 ~ 4.47

In general, the distance between points A (xi, y1) and B (x», y,) can be calculated as

follows:

AB = \(x, —x, ) + (3, — 3,

Example 8 ABCDEFGH is a cuboid in which AB = 3cm, BC = 4cm and CG = 2cm.

Find the length of AG.

H G
I
|
| ¥,
| 2cm ¢ G

/I,‘_/; 1l JC 4cm 2cm

VA A
P 4em A B S5em  C
//_ __________ cm
A 3cm B

First find the length of AC.

AC?=32+4*=25 .. AC = /25 = 5cm
Then find the length of AG.

AG*=5"+2"=29 .. AG =+/29 ~ 5.39cm

(T)Bearings N
A

bearing of B from A
B
Bearings are written with 3 digits. (e.g. 030°, 120°) A

The bearing of B from A = 065°

The bearing of A from B = 180° + 65°

A bearing is a direction measured in degrees,
clockwise from North.

e.g.
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=245°

N
Example 9 Given that OAB is an equilateral triangle, A
find: (i) the bearing of A from O 0 20°
(i1) the bearing of O from A A
(iii) the bearing of B from O
(iv) the bearing of A from B
i A B
waring of A from O =90° + 20°
=110°
(i) *
0 10 A The bearing of O from A= 180" + 110°
A =290°
(i) A_110°
0] Each interior angle of an equilateral triangle is 60°
60° The bearing of B from O = 110" + 60°
=170°

AA30C =180"-170"=10°
/NBO = 10° ("." Alternate angles)
The bearing of A from B =060° —010° = 050°

Exercise 10
1 AAOB=B0OC=A0D =xand ZAOE = 114°
Find x.

Y

32°

46°

-30 -

2 Find (a) ZABD (b) £EBC (c) £BEF

3 Find the sum of the interior angles of decagon.

4 FEach interior angle of a regular polygon is 135°. Find the number of sides of this
polygon

5 ABCD is a quadrilateral in which AB is parallel to DE, AD is parallel to BC, AD =
DC, ZABE = 60° and /DAF = 35°. AFC is a straight line.
Calculate (a) ZBED (b) £BAC (¢) £LCFD

A

D
A
B
60°
F
> c '
D

B

6 ABCDEF is a regular hexagon. Find the size of Z/BAE E
7 Find the values of x and y.

B
y 6cm A
26cm 33cm
2c
cm

8 ABCD is a quadrilateral. Find the length of the side AB. D™ 2em—C

9 The length of the diagonal of a square is 4cm. Find the length of the sides of the
square.
10 Find the distance between the points A(4, 6) and B(10, 14)

11 ABC is a right-angled triangle in which /NAC = 110° and ZABC = 50°. Find the
bearing of:
(a) A from C
(b) B from A
(c) A from B
(d) C from B




11 Angle Properties in a Circle
(7) Parts of a Circle

circumference

segment

diameter centre

&

sector

A circumference is the distance around the edge of a circle.

An arc is a part of the circumference.

A radius is a straight line from the centre of a circle to a point on the circumference.

A diameter is a straight line through the centre of a circle, joining two opposite points
on the circumference. The diameter is twice the radius.

A chord is a straight line joining any two points on the circumference.

A sector is a part of a circle formed by two radii and an arc.

A segment is a part of a circle formed an arc and a chord.

() Angles in a Circle

Angles in a circle have some important properties.

Angles at the centre and on the circumference

P
The angle at the centre of a circle is twice the ‘
angle on the circumference of the circle
(subtended by the same arc).

AOB = 2 x APB

Angles in the same segment

Angles in the same segment, subtended by the same

arc, are equal.

APB = AQB = ARB

Angles in a semicircle

Any angle in a semicircle, subtended by a diameter,

is a right angle.

APB = AQB = 90°

Example 1 In the diagram, AOC is the diameter.
Find x, y and z.

“31—
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x:lZAOB:lXIOOOZSOO =180°-75"-25°=80

2 2 (c) ZLCBE = ZADC (".’exterior and opposite interior angles)
y= 180°—100° _ 80° — 40° =380
2 2
("2OAB is an isosceles triangle) (T)Tangents
or y=180"—-50"-90" =40 A tangent to a circle is a straight line which touches
(£LABC=90" " in a semicircle) the circle at a point.

z=y=40" (""same arc BC) . )
Radius at the point of contact

(,.7) Cyclic Quadrilaterals A tangent to a circle is always perpendicular to
the radius at the point of contact.

A cyclic quadrilateral is a quadrilateral which has all its vertices

tangent
on the circumference of a circle. OTA = 90°
Angles within a cyclic quadrilateral have some important properties.
Two tangents from an outside point

Two tangents to a circle from an outside point

Opposite angles of a cyclic quadrilateral

Opposite angles of a cyclic quadrilateral
add up to 180°.

B
are equal in length and the line joining the centre
of the circle and the point bisects the angle \

between the two tangents. "\ P

a+c=180"and b +d=180°

AP=BPand APO = BPO A
Exterior and opposite interior angles of a cyclic quadrira
- - - Alternate segment
The exterior angle of a cyclic quadrilateral ’ B
is equal to the opposite interior angle. The angle formed between a tangent and a chord C
from the point of contact is equal to any angle | alternate Ad
a=x subtended by the chord in the alternate segment. | Segment

ATB = BCT
Example 2 /BAD =75 and Z/BEC =25".
Calculate: (a) £BCD

Example 3 In the diagram, ABE and ACF are the
tangents to the circle at B and C respectively. BD is

(b) ZADC a diameter and ZBAC = 38°. Calculate:
(c) ZLCBE (a) ZCBA (b) Z/DBA (c) /BDC
. . . _180°—38° .o ... :
(a) ZBCD = 180° — ZBAD ("."opposite angles) (a) ZCBA = — 5 - 71° (. isosceles triangle)

=180"—-75°=105"

(b) ZDBA =90’ ("."angle between tangent and radius)
(b) LADC = 180° — Z/BAD — ZAEC ("."2ADE)
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(c) BDC = ACBA =71’ (""angle in an alternate segment)

Exercise 11
12 Find the size of each angle marked by letters. O is the centre of the circle.

W

BB L

In the diagram below, TB and TD are tangents to the circle through A, B, C and D.
DC produced meets TB at E. Given that ZBCE = 65°, ZADTE = 50° and ACDT=
41°, calculate:

(a) BDC

(b) LCEB A

(c) ZBAD

(d) £DBC

14 In the diagram below, O is the centre of the circle with diameter BE. A, B, C, D
and E are points on the circle. RES is a tangent to the circle. Given that ACBP =
68°, ZLCAE=54°, CD = DE and PBAQ is a straight line, calculate:

(a) REC
(b) ZBEC
(c) £SEA
(d) LCED

15 Symmetry

A shape has symmetry when parts of that shape fit exactly onto other parts of the same
shape under certain rules of movement.

A plane shape can have two types of symmetry, line symmetry and rotational symmetry.

-33 —
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(7)Line Symmetry
Line symmetry is the symmetry in which a shape can be fold along a line so that one
half of the shape fits exactly onto the other half.
e.g. symmetrical shapes (lines of symmetry shown in broken lines)

- __:___ 4-uZ

I /
|

isosceles triangle equilateral triangle ~ rectangle square
(1) Rotational Symmetry

Rotational symmetry is the symmetry in which a shape can be turned about a fixed

point and fit exactly onto itself.

Order of rotational symmetry: is the number of times that a shape can be turned to fit

exactly onto itself within 360°. Every shape has an order of rotational symmetry of at

360°
order of rotational symmetry

least 1. represents the angle of rotgtion.

e.g. (The letter A is used only to show the positions of the shape as it turns.)

ANANWAN/ANIP::

An equilateral triangle has a rotational ‘b'ymme(y of order 3.

A A
A 180°
[ ) ) °
A a rotati R/ of or(\
A

Exercise 12
16  Copy the figure below and show its lines of symmetry.

(a) i (b) O~ @ (e? : ]

17 State the number of lines of symmetry and the order of rotational symmetry for
each of the following letters: ADEFHMSTXY

18 State the number of lines of symmetry and the order of rotational symmetry of: (a)
a regular hexagon, (b) a regular octagon, (c) a parallelogram, (d) a kite, (e) a
rhombus, (f) an isosceles triangle, (g) a circle.

19 For each of the following figures, state (a) the number of lines of symmetry and
(b) the order of rotational symmetry.

(1) (i) <]

20 Similarity

Geometrical figures are similar if they are the same in shape but different in size, such
as those produced by enlargement.
(They are said to be congruent if they are the same in shape and size.)
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(7)Similar Triangles
Two given triangles are similar if one of the following conditions can be shown.
(a) the corresponding angles are equal.
(b) the corresponding sides are in the same ratio.
(c) two pairs of corresponding sides are in the same ratio and the angles between these
sides are equal.

(a) (b)
a ka
(c)

The ratio of corresponding sides is called the scale factor (k) of the enlargement.
A

Example 1 In AABC, PQ is parallel to BC,
AP =2PB and BC = 6cm.
(a) Show that AAPQ is similar to AABC. P S Q
(b) Find the length of PQ, ~
. B 2 C
(a) ZA is common. cm
/ABC = ZAPQ and ZACB = ZAQP (".’corresponding angles)
The corresponding angles are equal. Therefore AAPQ is similar to AABC.

by AP _AQ _ PQ
AB AC BC
Now AP_2 (AP _2_PQ
PB 1 AB 3 C
~PQ=2BC=2x6=4cm
3 3
(A ) Areas of Similar Figures
D
A
4cm bem
B cm ¢ E 9cm F

DE EF 3

—— =—— == and AABC = /DFEF.
AB BC 2

Therefore AABC is similar to ADEF.

AreaofAABC:%x6x4:12cm2

AreaofADEF:%><9><6:27cm2

Areaof AABC 12 4

Areaof ADEF _ 27 9 :[3)2
2

If the scale factor of two similar figures is &, the ratio of their areas is &%,
(If the ratio of the sides of two similar figures is a : b, the ratio of their areas is a? : b%.)

Example 2 The given triangles are similar. If

the area of the smaller triangle is 8cm?, find |
; |

the area of the larger triangle. | 3em|

. . cm,
Ratio of sides=2: 3 !_| H

So ratio of areas =22:32=4:9

Let x represent the area of the larger triangle.

4:9-8:x dx=9x8 . x =228 _18cm?
A
Example 3 In AABC, PQ is parallel to BC. If the
area of the trapezium PBCQ is 16 of AABC,
25 P > Q
find the ratio of AP : PB. /
> C

AAPQ is similar to AABC. B

—%} of AABC = - of AABC

Area of AAPQ = ( >3

Areaof AAPQ 9

_ SOA_P_ 9 3 AP _3
Areaof AABC 25

AB V25 5 " PB 2

-35—
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SLAP:PB=3:2
Example 4 In AABC, D is a point on BC such that A
/BAD = /ACB. Given that AB = 6cm, BC = 9cm

6
and the area of AABD is 12c¢m?. calculate: o
(a) the length of BD B D C
(b) the area of AABC < Scm >
(a) 4B is common and ZBAD = ZACB. Therefore ADBA is similar to AABC.
A
D
6 AA
B 9 C B 3 A
DB_BA DB _6 2
— =22 == == - DB=%2x6=4cm
AB BC 6 9 3
(b) BC = %BA

2
- Area of AABC = (%) « area of AABD = % %12 =27 cm?2

Exercise 13
21 Calculate the value of x. A

3cm X
D /£ > E
6¢cm Scm
B > C

1 In AABC, AB = 6¢cm and the area of AADE is g of AABC. Calculate the length of

A
4

AD. /

6¢cm
/ D E P
¥
B

Scm S R

2 In APQR, S is a point on QR such that Z/QSP = ZQPR. Given that PS = 4cm, QS =

5c¢m, PR = 6¢m and the area of APQR is 18cm?, calculate: (a) the length of PQ (b)
the area of APQS

22 Mensuration

Mensuration means the measurement and calculation of perimeters, areas and volumes.
Some basic formulas are given as following. Those should be memorised.

(77) Perimeters and Areas of Plane Figures

P = perimeter, A = area
Rectangle Parallelogram Trapezium
A
breadth (b)
\4
< length (/) > < base (b) >
P:2(l+b) A=>bh Azl(a+b)h
A=1b 2
Triangle Circle Sector of circle
length of arc (/)
1
Tadius (r)
< base (b) > l//
1 P (circumference) =0 som
A=>bh = 27 = nd (diameter) 360°
A= TU"Z A= % X r 2
= %lr
Example | The diagram on the right shows a flower T
bed consisting of a rectangle and a semicircle. :
Taking rt = 3.14, find: (a) the perimeter : m
(b) the area I
(a) Perimeter = sum of three sides of the rectangle ' S

+ half circumference



- 8+6+8+%xna’:22+%x3_14x6

=22+942=31.42m
(b) Area = area of rectangle + area of semicircle
- 8x6+%xnr2 :48+%><3.14x32

=48 +14.13=62.13 m?

Example 2 Take n = % In the diagram on the right,

find: (a) the shaded area

(b) the perimeter of this area

(a) Shaded area = area of sector OBC — area of sector OAD

:1’)2((;2 x % 142 area of sector OBC = 360°

i ><7t><(142 —72)

120°

area of sector OBC = X 7T x 72

Shaded area = 120

360°
_1.22 2
—§x7x(l4+7)(14—7) = —b=(a+b)a-b)
=154 cm?
(b) Perimeter = sum of lengths of AB, arc BC, CD and arc DA

=7+ ;égZx2xnxl4+7+;égZx2xnx7

_ 1 22 _ _

= 14+§><2><7><(14+7) = 14+44 =58 cm

(A )Surface Areas and Volumes of Three-Dimensional Figures

A = surface area, V"= volume

Cuboid Cylinder Prism

A
height (h) - A

height (k) A\

|

|

i
/)I_ I A
7 / /Greadth ®) v )""' height ()
<length ) > f

A=2Ib+2hb+2hl A=2nrh+ 2 V = (area of base) 7
V= Ibh v =nrh h

Ca

Pyramid Cone Sphere
N
slant
height (L)
N
V:%x(areaofbase)xh A=mrl+ A =4’
V:%ﬂl"zh V:%';Ux'3

Yolume of regular prisms
In any regular prism (including cuboids and cylinders),

+Jolume = area of base (or cross-section) X height

In a cuboid, area of base = area of rectangle = /b. So V= [bh

In a cylinder, area of base = area of circle = 2. So V= wh

Surface area of a cylinder: consists of two circles and a curved face, and can be
opened as shown below. You will see that the curved face is a rectangle. The length of
the rectangle is equal to the circle’s circumference.

@ < 2Tcr >
h h h
()

simsiky@gmail.com
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Surface area = area of rectangle + 2 X area of circle
=2mrxh + 2xur?
=2mrh+2m? =2@h+r) )

Surface area of a cone: consists of a circle and a curved face, and can be opened as
shown below. You will see that the curved face is a sector. The length of the arc is equal
to the circle’s circumference.

area of circle

length of arc
=2nr

=pl+a? =dr(L+r) )
OPEN |
Example 3 The diagram shows a triangular
prism ABCDEF such that AB = 4cm, BC =
5cm, CA = 3cm and BE = 10cm. Calculate:
(a) the surface area of the prism

(b) the volume of the prism
(a) Surface area = area of two triangles

+ area of three rectangles

AreaofAABC:%><4><3=6cm2

Area of rectangle ABED =4 x 10 = 40 cm’
Area of rectangle CBEF = 5 x 10 = 50 cm?
Area of rectangle CADF =3 x 10 = 30 cm?

~.Surface area =2 x 6 + 40 + 50 + 30 = 132 cm?
(b) Volume = area of base x length of prism
= area of AABC x length of prism
=6x10=60 cm’

Example 4 An object consists of a cylinder and a cone with the

same diameter 14cm. The height (H) of the cylinder is 40cm 2?;;)1“

A\
and the height (%) of the cone is 24cm. Taking n = %, A
calculate: 40cm
(a) the slant length (/) of the cone (#)
(b) the total surface area of the object

AAemy
(c) the total volume of the object SIS

(a) By Pythagoras theorem,
P=r+ ’

I=~r2 +h? =+/72 1242
=49 1576 =625 =25cm

(b) Total surface area = area of circle + area of curved face of cylinder
+ area of curved face of cone
=qr* + 2urH + wrl = wr(r + 2H + 1)
:2—72x7><(7+2x40+25)=22x112 = 2464 cm?

(c) Total volume = volume of cylinder + volume of cone
- rPH + lnrzh = nrz(H +lhj
3 3
<K 24) =22x7x48=7392cm’

10m

r of a room. OABC and OCDE are trapeziums.




OAE is a sector of a circle with centre O, and ZLAOE = 106°. Taking © = 3.142,
calculate: (a) the perimeter (b) the area

A
2 OABC is a quadrant of radius 7cm. Taking ©t = 2—72 , calculate B
he shaded area. 7em
22 . .
3 Take &t to be 7 The diagram below shows a cross section 6] o

of a metallic blade that can be fitted to a solid cylindrical rod.

blade —>

()

rod
(a) Given that the rod has a diameter of 14mm and is 40cm long, calculate the
volume of the rod in cm®.
(b) The blade has a diameter of 14cm and the hole at the centre of the blade is such
that it allows the rod to exactly fit in it. Calculate the surface area of one face of the
blade in cm?. E

(c) Given that the blade is 20mm thick, calculate the volume of theFlade a_cm?.

(b) the area of quadrilateral ABCD
(c) the volume of the prism

23 Geometrical Constructions and Loci

Never rub out arcs or construction lines because these show how you obtained your

result.
(7)Basic Constructions
To bisect a line 3
Given a line AB. : >< 2
1. With the centre at A and a radius of more than half the
length of AB, draw an arc on each side.
2. With the centre at B and the same radius, draw another arc =~ 5 y ] y
on each side to cut the first arc.
3. Join both points of intersection of the arcs.
The bisector is perpendicular to AB and any point on the ] > <2

bisector is equidistant from A and B.

To bisect an angle
Given an angle ABC. A

1. With the centre at B and a suitable radius, draw an
arc to cut BA at D and BC at E.
2. With the centre at D and E, and a suitable and the 1 D
same radius, draw arcs to intersect at F.
3. Draw a line from B through F. B
/ABF = /ACBF \/E
Any point on the bisector is equidistant from the lines AB and BC.

(d) The density of the metal blade is 3g/cm?® and that of the gla(ta’;ial from whith the
rod is made is 6g/cm’. Calculate the total mass\o e/blade/ a/nd tiﬁ@ rod-
4 ABCDEFGH is a prism of uniform cré8613 ; CH Ocm, BC
= 15¢cm, BD = 17c¢cm and CG = 25cmB
(a) the length of AC
17cm -39-
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To construct a perpendicular line through a particular point outside a given line
Given a line AB and a point P.

1. With the centre at P, draw an arc to cut AB at C and 3
D.

conditions.

Example 1 The points A and B are 4cm apart. Find the set of points that are less than
3cm from A but are closer to B than A.

First, to find the points which are less than 3cm from

2. With the centre at C and D, and a radius of more than A, draw an arc of radius 3em. 3cm
half the l'ength of CD, draw arcs to intersect at E. 1 | Then, to find the points which are closer to B than A,
3. Draw a line from P through E. A o N f— B draw the perpendicular bisector of AB. A B
] ) Here the perpendicular bisector is a dotted line.
This .constr.uctlon (.:an ) be used ? >§ Points on it are not included because they are the
even if a given point is on the same distance from A and B.
line AB. . A ( IP ) B . Finally, shade the region which satisfies the
(4 ) Constructing triangles conditions.
Given three. side§ Exercise 15
e.g- AABCin .Whlch AB = 6cm, BC = 4cm and AC = Sem. 1 (a) Construct AABC in which AB =9c¢m, BC = 7cm and 5cm.
I Draw a straight line AB of length 6cm. v (b) Bisect LABC and ACAB, and mark the intersection as O.
2. With A as the centre and radius of Sem, draw an arc. (c) With O as the centre and radius to touch AB, draw a circle.
3. With B as the centre al.nd radiu.s of. 4cm, draw an arc 5cm ) 4)CIE]J0nstruct AABC in which AB = 6em, ZABC = 40° and ZCAB = 55°.
to c.ut the first arc The intersection is C. (b)\Draw perpendicular bisectors of all the sides and mark the intersection as O.
4. Join AC and BC. A 6eth ©) With O as the centre and radius of the length of OA, draw a circle.
Given two sides and the included angle c 3 (a) Construct a triangle ABC in which AB = 9c¢m, BC = 7cm and ZABC = 40°
e.g. AABC in which AB = 5¢cm, BC = 3.5¢cm and ZABC = 60°. (b) On the same diagram, draw the locus of points within the triangle which are
1. Draw a straight line AB of length Scm. 3 5cm (i) 6cm from B.
2. Measure the included angle 60° at B with a protractor, (ii) equidistant from AC and AB.
mark it and draw a straight line BC of length 3.5cm. A 60’ B (c) P is a point inside AABC such that it is 6cm from B, and equidistant from
3. Complete the triangle by joining AC. Sem AB and AC. Label the point P.
(d) A point Q lies inside AABC such that its distance from B is less than 6cm
Given zsideand tro angles and it is nearer to AC than to AB. Shade the region in which Q must lie.
e.g. AABC in which AB = 6cm, Z/BAC =40° and ZABC = 60°. C
1. Draw a straight line AB of length 6¢cm.
2. Measure angle 40° at A and angle 60° at B with a
protractor and draw AC and BC to meet at C. .
40° 60
A B
6cm

(*2)Loci

‘Loci’ is the plural of ‘locus’. A locus is a set of points which satisfy one or more given
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24 Trigonometry
Trigonometry deals with the relations between the sides and angles of a triangle.

(7)Trigonometric Ratios

Ratio of sides of a right-angled triangle: There are three ratios in a right-angled

triangle, namely sine(sin), cosine(cos) and tangent(tan), defined as follows.

sing — —OPPOSIte GOFD
ypotenuse
Adjacent (AP Hypotenusg Opposite
cosf = ————— side to 8
Hypotenuspfo A) )
Opposite
tan = ———— Adi
jacent
Adjacent side to 0
SOH CAH TOA is useful to memorise the three ratios.
e.g. In the triangle on the right, B
BC 3 AC 4 BC 3
SMA=—F-== CcoOSA=—""=— tanA=—"to==
AB 5 AB 5 AC 4 Sem 3em
AC 4 BC 3 AC 4
smB=—=—= cosB=—7=== tanB=—"o=— A C
AB 5 B 5 BC 3 4cm

Example 1 Calculate the value of x in each of the following.

(a) (b) ()
Scm N X 550 A3 10cm
30° cm X
40°
3009 - .__ 5 _ 5 _

(a) Sin30° = ~ T 5m30° 0.5 10cm

(b)

cos55° =% X =6xc0855°=6x%x0.5736 = 3.4416 = 3.44 cm (to 3sf)
(¢

tan40° = = x =10xtan40° =10x0.8391=8.391 = 8.39 cm (to 3sf)

The sine, cosine and tangent ratios can also be used to find the size of an unknown
angle in a right-angled triangle. sin™', cos™ and tan™' give the angle which has a sine,

cosine and tangent of § and are the inverse of the sine, cosine and tangent respectively.

Example 2 Calculate the value of 8 in each of the following.

2 b,

(a) sin@) = 3 0= %— 36.86° = 36.9° (to 1dp)
2 D S B L
(b) cosd = 15 .0 =cos 5 60
© tanf =L - 9= tan Ll _ 61.38° = 61.4° (to 1dp)
6 6 -;T

Angles of elevation: are measured upward from
the horizontal when looking up to a point.

angle of
) elevation

NNV NN NNNNN

orizontal

Example 3 The angle of elevation of the top

_41 -
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of a pole from the eye-level of the boy standing
10m away from the foot of the pole is 30°.
If the height of the boy up to eye-level is 1.5m, find the height of the pole.

RAB
10
SAB =1({xtan30°=5.77m
The height {{4AB + BC
A 10m =577+15
1,1.5 : :
v c

=7.27="7.3m (to 1dp)

Identity: The equation [sin’6 + cos’) = 1 Iis true for all values of 6 and it is called the

identity.
Example 4 Given that sind = 0.6 and 0° < § <90°, find the value of cos6.
cos’d=1-sin0=1-0.6>=1-0.36 =0.64
. cosO =+/0.64 = 0.8 (when 0° <60<90°, cosd is positive.)
(4 )Non-right-angled Triangles

Even if a triangle does not contain a right angle, sine and cosine can be used to solve

P
A
+b 0
N o

problems involving any triangle.

Obtuse angles: An obtuse angle cannot occur in a
right-angled triangle. So we must redefine the sine
and cosine for such angles. In the diagram, OP makes
an obtuse angle 8 with the positive x-axis. PN is
perpendicular to ON. Let PN =+b and ON = —a.

Then we define: = e
sin@z%zg—g 9:?)—1;:6_%
Now ANOP=180° - 6. sin(180° - 6)) = % - %:
cos(180° - 0) = (())_11\31 = % = —cos

Therefore if 6 is obtuse,

| sin(180° — @) = sind cos(180° — 0) = +cost9A

13cm

5cm

B

Example 5 In the diagram, ABC is a right-angled
triangle in which AB = 5cm and AC = 13cm. BCD
is a straight line, find sinZACD.

sin/ACD = sin(180° — ZACB) = sin/ACB = 2B _ 3
AC 13
A
. 1 . .

Area of a triangle: The common formula 5 x base x height is I
not always convenient as we may not know the height. We : h b
are developing this formula further so that we can calculate |
the area of a triangle given two sides and an included angle. B l_(ll C

Suppose the known sides are a and b, and C is the angle between them.
Side a is taken as the base. The perpendicular height is given by sinC = % .

Therefore 4 = bsinC. Then

I~
-

Area of AABC = %absin(

i.e. Area of a triangle = half x product of any two sides X sine of the included angle

The area of AABC can be written as %absin C, %bcsinA or %casinB )

Example 6 In AABC, AB = 6¢cm, AC = 5cm and ZBAC =40°. C
Find the area of the triangle.
. 5
Area = %AB x AC xsinZBAC W,
40°

:%x6x5xsin40° A 6cm b

=9.6418 = 9.64 cm? (to 3sf)
Si le: a _ b _ ¢ sinA _ sinB | sinC
SIMEMUE: I Gh A sinB _ sinC a b | ¢

The area of AABC can be written as 1 absinC, %bcsinA or 1 casinB .

A
It follows that %bcsinA = %casinB = %absinC
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b c

a
sinA sinB sinC "~

Dividing by %abc gives

sinA sinB sinC

This can be rearranged as =
a b c

The sine rule can be used to find a side when one side and any two angles are known, or
to find an angle when two sides and an opposite angle are known.

The sine rule shows that the sides are proportional to the sines of the opposite angles,

i.e. the shortest side is opposite the smallest angle, etc.

Example 7 In AABC, AB = 10cm, ZCAB = 65° and C
Z/ABC = 40°. Calculate the lengths of BC and AC.

ZACB = 180" - 65" —40° =75°

Use the si e BC __AC _ 10 65° 40°
sethe s rule: "ih65°  sind0°  sin75° 2 Toom B
10 x sin65°
BC = W =9.3827 =9.38cm (tO 3Sf)
10 x sin40°
AC = W = 6.6546 = 6.65cm (tO 3Sf)
B

Example 8 In AABC, AC = 6¢cm, BC = 8cm and ZA = 60°.
Calculate the size of /B. 8cm

The sine rule gives sinA = sinB 60°

BC AC A C
. . 6cm
) ACxsinA  6xsin60°
sinB = = =0.6495
BC 8

~.[B=sin"0.6495 = 40.5°

Cosine rule: 2 = a? + b2 —2abcos(
2 2 2
This formula can be rearranged as ¢cosC = % .
a

This cosine rule can be used to find the third side when two sides and the included angle

are known, or to find an angle when all the three sides are known.

Example 9 Find x in the diagram.

x2 =52 +7% —2x5x7 xcos40°

x S5cm
=25+49 — 70 x cos40°
=74 -53.62 =20.38 40°
S.x=+4/20.38 =4.5cm 7cm

Example 10 Find the smallest angle in the triangle which has sides of length 6¢cm, 8cm
and 13cm.

The smallest angle in a triangle is opposite the shortest side.

In the given triangle, the smallest angle is opposite the 6cm side.

Let this angle be C. Then ¢ = 6, and we can take a = 8 and b = 13.

82 +132 -6 _64+169-36 _ 197

c0sC == XT3 208 _20W
~.C=cos™ —;%; =18.7° 13cm ¢

Exercise 16

1 In the diagram on the right, CDE is a vertical line and
AEB is a horizontal line. Given that EB =4.2m, ED =
2.5m, DC = 3.5m and ZCAE = 42°, calculate:
(a) DB
(b) £LECB A
() AC

2 In the diagram on the right, BCD is a vertical line D

and AB is a horizontal line. The point A is 20cm
away from B, the angle of elevation of C from A C
is 25° and the angle of elevation of D from A is 40°.

Find the length of CD, correct to 2 significant figures. 40 33
B L1 A

3 In the diagram below, write down the value of cos6.
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3cm

4 In the diagram, ABC is a segment of a circle radius
8cm and centre O, where ZAOC = 54°. Find the
area of the segment.

5 In the diagrams, find the labelled sides and angles. 0L)s54
(a) ) ©  10m N
[] '
X ¢ 68°
3cm Scm
(\ 0
4cm T
(e) (M 6¢cm
4cm
X '
Scm 130° 5 7cm FScm
9cm cm

25 Matrices

A matrix is an array of numbers. The numbers of an array are called elements.

(7)Calculations of Matrices

Order of a matrix: is given by “the number of rows by the number of columns”.

. . 3) . .
eg. (1 2) isal x 2 matrix. 5 | isa 2 x 1 matrix.

4 o 1 2 -2 10
(1 3J is a 2 x 2 matrix. 5 1 9 —4 | isa3 x4 matrix.
3 4 7 =7

Addition and subtraction of matrices: Matrices of the same order can be added or
subtracted by adding or subtracting corresponding elements.

A
el o) (g %)
eral, 2 X 2 matrix A= and 2 x 2 matrix B=
c d g h
B
_ab+ef_a+eb+f
e d g h a c+g d+h
C
1 4 2 3
Example 1 Simplify:  (a) + ®)
35T
1 4 3 =2 6 —4
2 5(+| 0 4 |—|-3 2
3 6 1 2 2 0
1+2 4+3 3 7
(a) 5 =
+(=3) 3+1 -1 4
1+3-6 4+(—2)—(—4) -2 6
) |2+0-(=3) 544-2 |=|5
3+(-D)-2  6+2-0 0 8

Scalar multiplication of a matrix: (A scalar is a number written in front of a matrix.)
Each element of that matrix is multiplied by that number.

3x0

& 3@ —()J:@ii 3x(—l)j:(g —O3j
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Multiplication of matrices: Matrices can be multiplied if the number of columns in the
first matrix is equal to the number of rows in the second matrix. It is done by laying
each row of the first matrix against each column of the second matrix, multiplying the
pairs of elements and adding the results together to make a single matrix. The order of
the product of two matrices can be obtained from the number of rows in the first matrix

by the number of columns in the second matrix.

] a b ) p r
In general, 2 x 2 matrix A= and 2 x 2 matrix B=
c d qg s

( la A I;[ap qu ar + bsj
A= == =AB
c ¢ cp+dqg cr+ds
o 1 3Y 4
Example 2 Find: @ | o _J
1 30 -1
2 4N 1 2
1 3 4 1x4+3x(-5) -11
@) < | )= -
-2 2 -5 —2x4+2x(-5) -18
: 2 order of product
@ Q S
3
b 1 2) x (2
@ 9
1 3 0 -1 1x0+3x1
(C)(z 4) * (1 2]:(2
x0+4x1

@2 0

3 0
o) ( 2)[2 4j (©

0
4):(1><3+2x2 1x0+2x4)=(7 8)

order of product

> (1x2)

Ix(-1)+3x2) (3 5
2x(-1)+4x2) (4 6
order of product

>2 72

X
2) =(4 —12), findxandy.

~1
Example 3 If (2 3)(
v

Multiply (-2 +3y 2x—-6)=(4 -12)

So 2+3y=4 and 2x—6=-12 x=-3andy=2

(4 ) Inverse Matrix
Identity matrix: is a square matrix whose elements in the main diagonal (from the top
left corner to the bottom right corner) are all ‘1’ and the others are all ‘0’ and is denoted
by “I”.

1
2 | o

For any square matrix A, Al = TA=A.

is the 3 x 3 identity matrix.

- O O

o 1 0
1) is the 2 x 2 identity matrix. | O 1
0 0

Determinant of a matrix: is the product of elements in the main diagonal minus the
product of the elements in the other diagonal (from the top right corner to the bottom

left corner). The determinant of a matrix A is denoted by “det A”.

a b

o Ldeta=ad-py

In general, if A = (

2 3
eg IfA= (1 4j,detA—2X4—3X1—8—3—5

A matrix whose determinant is zero is called a singular matrix.

Inverse of a matrix: is another matrix such that when the two matrices are multiplied
together in any order, the result is the identity matrix. A is the inverse of a matrix A if
ATA=AAT=1T

I Lita= (@ D) Aot (9 [P
ngenera , 1 = ¢ d = det A _c a
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4

5

3 e 5
s 12
5 5

A singular matrix has no inverse because the determinant is zero.

23

-3
2

14

IfA= [2
.g. 511

1

2 4
e.g. The determinant of [1 2) is 2 x2—4 x1=0. So the inverse cannot be found.

Matrix method of solving simultaneous equations: Matrices can be used to solve

simultaneous linear equations.

Example 4 Solve 2x—y =35
x—-2y=4

2
1

-1
-2

5
4

X

y

3=

Write the equations in matrix form. [

an-(2 7).

ThendetA=2x(2)-(-1)x1=-4+1=

2
1

—1
-2

—2
—1

1
2

1
. o
3. SoA 3

5 2)

Pre-multiply both sides by A™'. (i.e. A" goes on the left.)

S0l L))
(3)-(3)-5(10)-5()-()

sx=2andy=-1
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Exercise 17

1 Simplify:  (a) @j{_ﬂ G 2 4)-2 -3 1) (©)
[O —3) (1 2]
2 +3
2 2 1 3
0 2 4 3 2 0
@32 -D=2(=3 4) (9 4(1 3 5}2(_2 1 4)

3 3
Express as single matrices: (a) (2 1)[2] (b) (2J(2 1) (o)

@ 1)[—12 _23j
ol UG el G T Y

—1
2

1
Given that A =
iven tha [ s

3

2 dB=
4 and B=

() B +3A (d)AB (¢) BA (DA>- B

(

If the determinant of a matrix [

j , calculate: (a) A+B (b) A—2B

1

a

2 2 1
1] and B= [1 bj . If AB = BA, find the values of a and b.

2a

a

1 j is 12, find the value of a.

3
xX+2 x+8

X

If a matrix ( j does not have the inverse, find the value of x.

Using matrices, solve the simultaneous equations.



@x-y=1 ®2x+y=7 (c)2x-3y=14 B N B
2x+5y=16 3x—2y=7 3x+2y=-5 E:[“*]
3 3
o ¢ a— (4
BA _l J
-3
7
C 4 C
~ o=
VAN I . I 3
26 Vectors CDE[ ] \
] T D D
(7)Basic Vector
Scalar and vector quantities: There are two types of quantities. AB— -BA CD = _DC

A scalar is a quantity that has magnitude only.
A vector is a quantity that has both magnitude and direction.

. . . . Magnitude of a vector: is the length of the vector.
Notation: A vector can be drawn as a directed line. The length of a line represents the

magnitude of the vector and the arrow indicates its direction. The magnitude of vector AB is written as | AB| .
B
. . - r A D X N> 2 2 /..

This vector can be written as AB . In general, if AB = [ , ‘AB‘ =+/x* + > ("."Pythagoras theoreml)A

- y

Pad

" 4 It can also be written as « .

A vector can be written as a column vector, in the form Equal vectors: are vectors whose magnitudes and directions are the same. As vectors

are usually independent of position, they can start at any point.

)

#d (a=-d)

1N
0

The top number (x) in a column vector represents movement parallel to the x-axis and a )(

[IN]

T
NS
W

the bottom number (y) represents movement parallel to the y-axis. b )(

Movement to the right and up is positive, and movement to the left and down is

Scalar multiplication:
is done by expressing a

negative.

vector as a column vector and multiplying each number by the scalar.
5 4) (2x4) (8
& A2) lax2) |4
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I
1[4 |54 (-2

o
202) |_L,o] (-1
2)(

Addition and subtraction of vectors: Vectors can be added or subtracted.
To add vectors g and b, draw the second vector (b) at the end of the first vector (@) and

draw a new vector from the beginning of g to the end of b.

a—+-b
aYe T b

IR
oK
/
1

é *‘\
b+Ha

a+tb=b+a
To subtract vectors (a — b), let a + (—b). So the addition above can be applied.

\

S
Y
1
f
S
1R
et
\ |1
\
\
N
18

(/ )
b -b /']2/ N

1R

a—b=—(b-a)

To add or subtract column vectors, add or subtract the top number in each vector, then

add or subtract the bottom number in each vector.

we2) ool

() e GA)-GIA-()
5 reGHALIG)G)

a+h= (_23] " @ B (—23++42)
o (29

() Vector Geometry

Position vectors: are vectors which start at a known point (usually origin), and its

finishing point gives a position relative to that starting point.

c.g. y A
If the coordinates of A are (3, 2),

— (3} AG.2) 4
)
2

>
x

Vector geometry: Vectors can be used to solve geometrical problems.

D
Example 1 In the figure, find directed line equal to the A
following: (a) AE + EC (b) BD + DE (c) AB+ BD + D
C

(a) AE + EC = AC (b) BD + DE = BE B
(c) AB+BD+ DC = AD + DC = AC

Example 2 The coordinates of P are (3, —1) and the coordinates of Q are (1, 3). Find the

vector PQ .

-0
B T 1) 3) T L4
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Example 3 OACB is a parallelogram in which M @ — — — _—
B C (())PQ=PO+0Q=-OP+0Q=-p+gq
OA =g and OB = 5. M is the mid-point of BC B

[w

(ii)O_N>:O_P5+ﬁ:O_P>+%P_Q>:p+

ul|w
S

F£+@=%

(9]

and N is a point on AC such that AN : NC =2 : 1.
Express the following in terms of @ and / or b. (ii1)) PM = PO + OM = -OP + %OQ =—p

(b)&=h6ﬁ=h(%£+%g) B

4

wl»—

(¢) OX = OP + OX = OP + kPM = p+4:£+%g)=ﬂ—ﬂ +§g

(a) BC (b)BM (c)OM (d)ON (e) MN

. 3 _ k
(@)BC=0A =4 (d) From (b) and (c), h( p+5qj (l k)_+3g
(b)m=%%=%g Compare the coefficients of p and g.
_. . _Z 2hn-1- i
(c)OM = 0B +BM =+ sh=l-k - &
— — — 27— 2 3h:£ ----------------- (i)
(d)ON OA+AN=0A+ZAC=a+=b 5 3
3 3" 9 2 9 5 9
(e)M—N:m+ﬁ _OM 4+ ON = (b %gj+g+%é (ii)—>k=§h Substitute this for & into (i) gh_l—gh .-.h:ﬁ,k:ﬁ
1 2 1 1
=a-5a+3b-b=-a-3b Exercise 18
3 —1
1 IfC_l:( jandlz=( j ,find: @) a+b (b)a—b (¢)3a+2b (d)]al (o)
. — = = | 2 4
Example 4 In the diagram, OP = p, OQ = ¢, OM =—-0Q
- - 3 8] (B la+b| (@ |a—b
and PN:NQ=3:2. o .
. . 2 In AOAB, OA =gand OB = 5.
(a) Expressinterms of pand/org. (i) PQ (ii) ON ({ii) P N
L

(a) Given that M is a point on AB such that AB = 3AM ,
(b) Given that OX = ZON , express OX in terms of p, g and 4.
o 3 7 Q express in terms of g and / or b. (i) AB (ii) OM
(c) Given also that PX = APM , express OX in terms of p, g and £.

(d) Find the values of / and £.
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(b) Given that N is the midpoint of OB, express AN
in terms of ¢ and b.

(c) Given that OM meets AN atPand AP = ZAN,
express OP in terms of @, b and /.

OACB is a parallelogram in which OA = gand OB = 5. B

The point E on OA is such that OE : EA=1: 2.

(a) Express in terms of @ and / or b. (i) OE (ii) BE

(b) OC and BE meet at F. Given that BF = ABE, (O

=Y
2>

express in terms of @, b and k. (i) BF (i) OF

(¢) Given also that OF = #OC , express OF in terms of g, b and A.

(d) Find the values of % and %.
(e) Find the ratio of OF : OC

OABC is parallelogram in which OA = gand OC = ¢ . The point D is on AB

such that AD : DB =2 : 1. When the line OD is produced, it meets the line CB at E

such that DE = 420D and BE = 4#CB . Fifig:

(a) BE interms of g and k

(b) DE in terms of g, ¢ and & o A

[N}

(c) the values of 4 and &

27 Transformation

A transformation is a geometrical operation which maps a set of points (object) onto
another set (image). Transformations are described matrices.

(7)Translation
A translation is a transformation which moves every point of the object in a straight line
to another position. The translated image is the same size and shape as the object. A
translation is usually denoted by T.

X
A translation can be described by a column vector: T = ( j .

y
A/
Al =7 image
BI
object 1-17 _/’70
1 -~
// //
B ‘ C

4
Example 1 What is the image A' of the point A(—1, 1) under the translation T = [3) ?

—1
The position vector of A is [ 1 j . YA A'(3,4)
Then the position vector of A’ is given T/F;
3
T A
1 3 4 0 7x

So the coordinates of A" are (3, 4)

Example 2 If the point (3, —2) is translated to (5, —5), what is the translation?
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()=l A

(/) Transformations Represented by 2 x 2 Matrices
A translation is the only transformation described by a column vector. All the other
transformations are described by 2 x 2 matrices.

The image A'(x’, ') of a point A(x, y) under a transformation P is found by pre-
d

x' a b\ x ax + by
A'=PA = = (X, )= (ax + by, cx + dy)
y' c d\y cx +dy

Example 3 Find the 2 x 2 matrix which maps the points (1, 1) and (0, —2) onto the

(s S+

x a b
multiplying its position vector [ j by the matrix P = ( ] .
BY% c

points (3, —1) and (-2, 4) respectively.

)
Let the matrix be .
c d
a b 0) (=2
c dl\-2) (4
) ) ) a+b 3
These give two sets of simultancous equations. = and
c+d 1
=2b)\ (-2
—-2d) \ 4

2 1
Solving these: a =2, b =1, ¢ =1 and d =-2. Therefore [1 2)

The matrix of a transformation can be found if the images of the points (1, 0) and (0, 1)

a b a b)1 a
are known. Because if the matrix is , then = which is
c d c d)\O c

a bYO0 b
the first column of the matrix, and ( d][ lj = [ dj which is the second column
c

of the matrix.

b
d

a
If (1, 0) is mapped onto (a, c¢) and (0, 1) onto (b, d), the matrix is [
c

Example 4 A transformation maps (1, 0) onto (-1, 3) and (0, 1) onto (-2, 1). What is
the matrix of this transformation?

The first column of the matrix is ( 3 and the second column is _1 j .

-1 -2
Therefore the matrix is 3 'k

(™2)Reflection
A reflection is a transformation in which any two corresponding points in the object and
the image are the same distance from, and at right angles to, a straight line which is
called mirror line.
mirror line

A

A ¢~
object

R ———I-——

Example 5 AABC has vertices A(1, 5), B(1, 1) and C(3, 3). Find the coordinates of the
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images of A, B and C under reflection in the y-axis.

A
A Al 5) The coordinates of the images are
A'(-1,5)
B'(-1, 1)
C’ CGl3) C(3,3)
B’ B(1, 1)
0O X

Example 6 Find the matrices for reflections in the following:
(a) the x-axis (b) the line y =x (c) the line y = —x

Find the images of A(1, 0) and B(0, 1). A

(a) The image of A is invariant as it lies on the x-axis.
The point B is mapped onto B'(0, —1).

1 0
Therefore the matrix is [O lj .

A
(b) The point A is mapped onto B(0, 1). B(0, 1) \( y=x
The point B is mapped onto A(1, 0) ®
_— 0 1 N v > X
Therefore the matrix is 1 o) O A(l,0)
_ y
(c) The point A is mapped onto A’(0, —1). Y= A B(O, 1)
The point B is mapped onto B'(—1, 0) , ’
, A(1,0
. Therefore the matrix is 1 o) B'(-1,0) ON\_,- X

7

A'(0,-1) ¢,

(I)Rotation
A rotation is a transformation in which an object is turned around a fixed point which is

called the centre of rotation.
A!
A object C

\(—" / ) C’
\\ '/’%Lz”’/

centre ¢ —
The angle through which an object is turned is called the angle of rotation. The direction
of the rotation, clockwise or anticlockwise, must be stated. An anticlockwise rotation is
usually said to be positive.
Only if the centre of rotation is the origin, the matrix for rotation can be found.

Example 7 Find the matrices for rotations about O(0, 0) of the following:
(a) 90° anticlockwise (b) 180° anticlockwise (c) 270° anticlockwise

Find the images of A(1, 0) and B(0, 1). YA
B(0, 1)
(a) The point A is mapped onto B(0,1).
The point B is mapped onto B'(—1, 0). v
*® *—>
0 —1 B(-1,0) O] A0 ¥
Therefore the matrix is
1 O
yA
B(0, 1)

(b) The point A is mapped onto A'(-1, 0).
The point B is mapped onto B'(0, —1)

A'1,0\ O A0 ¥

-1 O
Therefore the matrix is [ o 1] . SN B(0, 1)
(c) The point A is mapped onto A'(0, —1). 2N

The point B is mapped onto A(1, 0)
. >X

. Therefore the matrix is [_ 1 o \O M)
S4A(0,-1)
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This is equal to a rotation of 90° clockwise.

Example 8 AABC has vertices A(2, 2), B(4, 2) and C(4, 4). Find the image of AABC

under a rotation about O through 90° clockwise.

YA

o 1 C(4,4)

From Example 7, the matrix is (_ 1 Oj .
A(2,2
Multiply the three column vectors for A, B e B(4.2)
and C as 2 x 3 matrix: 7\ 90 R
ABC A B o2 T
0O 1Yy2 4 4 2 2 4 SA!

(—1 oj[z 2 4]_[—2 —4 —4)
~A'(2,-2),B'(2,-4) and C'(4, —4) B (&4

Example 9 AABC has vertices A(3, 2), B(6, 2) and C(6, 0). Draw the image of AABC

under an anticlockwise rotation of 90° centre (1, 1).

y
The centre of rotation is not the origin. B‘) ) C
So the matrix of this rotation cannot be found.

//
First join A to the centre (1, 1). A
Then with angle of 90° and the same distance 00" AG.2) [B(6,2)
\ o
between A and (1, 1), draw A" N |-
. NG

Do the same for B and C as shown in the centre (1, 1) ~N
diagram on the right. e} C(6, 0)))C

To find the centre of rotation: Join any corresponding two points in the object and the
image and construct the perpendicular bisector of each line. The point of intersection is

the centre of rotation.

-53—

(7)) Enlargement

An enlargement is a transformation which changes the size but not the shape of an
object.

o<
centre

When corresponding points in the object and the image are joined by straight lines, all
those lines meet at a point which is called the centre of enlargement. The centre of
enlargement can be inside, on the edge of, or outside the object.

The amount by which an object is enlarged is called the scale factor

_ image length
~ object length )

Only if the centre of enlargement is the origin, the matrix for enlargement can be found.
Example 10 Find the matrix for an enlargement centre O(0, 0) and scale factor .

The point (1, 0) is mapped onto (%, 0). IA
The point (0, 1) is mapped onto (0, k)

k O] 0, 1)

Therefore th trix i
erefore the matrix is (O &

o (1,00 ( 0)>x

Example 11 AABC has vertices A(1, 1), B(2, 1) and C(-1, 2). Find the image of AABC

under an enlargement with centre O(0, 0) and scale factor —2.

-2 0 j YA

From Example 10, the matrix is [ 0 5

C
Multiply the three column vectors for A, B NP
~
and C as 2 x 3 matrix: —T7|0 >
AY
_1" LA \
BTN N
N~ ~
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[—2 ¢ jil € —’ij _B[' a4 2 j
o 211 2) (=2 -2 -4
~A'(=2,-2), B'(-4,-2) and C'(2, -4)

When the scale factor is negative, the object and its image are on opposite sides of the

centre of enlargement.

(#) Stretch

A stretch is an enlargement in one direction from a given line. The given line is the
invariant line or axis.

invariant line

Example 12 The matrix S is a stretch such that the y-axis is invariant and the point (1,
2) is mapped onto (2, 2). (a) Find the matrix S. (b) If APQR has vertices P(2, 1), Q(3,
5) and R(5, 1). Find the image of APQR under the stretch S.
(a) Take A as (1, 0) and B as (0, 1). Now OB is invariant.
If the point(1, 2) moves lunit to (2, 2), A(1, 0) also moves lunit to A'(2, 0).

2 0
Therefore the matrix is 0 -y
/

1 \
(b) Multiply the three column vectors Q Q'
for P, Q and R as 2 x 3 matrix: 4
P QR P QR [N A
[2 0)(2 3 5)_(4 o 1) /
o 1)A1 5 1 1 5 1 P - R

>

~P'(4,1), Q'(6, 5) and R'(10, 1) O f 1 P x

In general,

1 O
The matrix [ j represents a stretch with x-axis as the invariant and scale factor

C.

k.
distance of the image of a point from the invariant line
distance of the point from the invariant line

Scale factor =

() Shear

A shear is a transformation which keeps a fixed line (invariant line), moves all other
points parallel to the invariant line and maps every straight line onto a straight line.
S R §' R’

D D" C C’

A invariant line
In general,

1 k
the matrix [0 J represents a shear with the x-axis as the invariant and shear factof

k.

tha mateiy ( \ renresents a choar yith tha 1,
tHe-atHt cpresentsa-shear—vwHathe

VAR YR

k.
distance a point moves to its image
distance of the point from the invariant line

Shear factor =

The shear factor indicates that the distance a point moves to its image is proportional to

its distance from the invariant line.

Example 13 A rectangle OXYZ with vertices O(0, 0), X(2, 0), Y(2, 2) and Z(0, 2) is
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mapped onto the parallelogram OXY'Z’ with Y'(8, 2) and Z'(6, 2).
(a) Find the matrix of the shear.
(b) Describe the shear fully.

First draw the diagram to show the information above.

y)\

Z? Y Z Y’

{ " "
//// \

[9) 12X 3 4 7 “x

Take A as (1, 0) and B as (0, 1). Now OA is invariant. ("."the x-axis is invariant)
Now Y(2, 2) moves 6units, so B(0, 1) moves 3units to B'(0, 3). (*."proportion)

1 3
Therefore the matrix is (O 1] .

(b) Shear with x-axis as the invariant line and shear factor 3.

Exercise 19

1 A triangle ABC with vertices A(2, 2), B(4, 2) and C(3, 4) is mapped onto the triangle
with vertices A'(-2, —1), B'(0, —1) and C'(-1, 1).
(a) Draw and label the triangle and its image.
(b) Describe the transformation which maps ABC onto A'B'C'.

2 Arectangle ABCD with vertices A(1, 1), B4, 1), C(4, 3) and D(1, 3) is mapped onto
A'B'C'D’ with vertices A'(1, —1), B'(4, —1), C'(4, -3) and D'(1, -3).
(a) Draw and label the triangle and its image.
(b) Describe the transformation which maps ABCD onto A'B'C'D’.

3 AABC with vertices A(1, —1), B(3, —2) and C(3, —1) is mapped onto AA'B'C’ with
vertices A'(6, 0), B'(7, 2) and C'(6, 2) by a rotation.
(a) Draw and label AABC and AA'B'C'.
(b) Find the centre of rotation by construction.
(c) Find the angle of rotation and its direction.

4 AABC with vertices A(1, 1), B(2, 1) and C(2, 2) is mapped onto AA'B'C’ with
vertices A'(1, —3), B'(2, —3) and C'(2, —6) by a stretch. Find the matrix and the scale
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factor of the stretch.
5 (a) Draw and label AABC whose vertices A(2, 2), B(4, 2) and C(2, 5).
(b) A transformation maps AABC onto ADEF whose vertices D(5, 2), E(1, 2) and
F(5, —4). Describe this transformation fully.
(c) A transformation maps AABC onto AGHI whose vertices G(6, 2), H(8, 2) and
I(12, 5). Describe this transformation fully.

28 Earth Geometry

The Earth is taken to be a true sphere of radius ~ 6370km.

(7) Latitude and Longitude

Circles on the Earth

Any circle on the Earth’s surface whose
centre is at the centre of the Earth is called a
great circle.

Other circles are small circles.

----- equator The equator and any circle passing through

2 EstRail.com



the poles are great circles.
Great circles passing through the poles are called meridians.

Longitude: is the angle between the
Greenwich meridian, passing through
Greenwich (in London), and any other
meridian (measured East or West)
subtended at the centre of the Earth.

diagram, (1) is the GM 0°, (2) is a
meridian of longitude 30°E and (3) is a

meridian of longitude 60°W.
The maximum possible longitude is 180° (E or W).

Latitude: is the angle between the plane of
equator and any small circle on the Earth’s surface
parallel to the equator (measured North or South)
subtended at the centre of the Earth.

In the diagram, (1) is the equator 0°, (2) is a small
circle of latitude 30°N and (3) is a small circle of
latitude 60°S.

The maximum possible latitude is 90° (N or S).

Position of a poeint: The position of any point longitude

on the Earth’s surface is given by its latitude 2820'E
and longitude. Latitude and longitude are
measured in degrees (°) and minutes (') with 1°
= 60", latitude
. . . 15°S

e.g. Lusaka is on latitude 15°S and longitude
28°20'E. This position is given as (15°S,

28°20'E)

Example 1 The diagram shows the points A,

B and C on the Earth.

(a) Describe the position of the points A, B and C in the terms of latitude and longitude.
(b) Find the difference in longitude between A and B.

(c) Find the difference in latitude between B and C.

(a) A'is on latitude 16°N and longitude 18°W 1i.e.(16°N, 18°W)
B is on latitude 16°N and longitude 95°W i.e.(16°N, 95°W)
C is on latitude 45°S and longitude 95°W 1.e.(43°S, 95°W)

(b) Since the points A and B are on the same sides of the Greenwich Meridian, the
difference in latitude is given by: 95° — 18" = 77°

(c) Since the points B and C are on opposite sides of the equator, the difference in
longitude is given by: 16° +45° =61°

(A ) Distance along Circles of Latitude and Longitude
Nautical mile: is a unit of distance on the Earth’s
surface used by ships and planes. 1 nautical mile (nm)
is 1’ of arc along a great circle (any meridian or the
equator). 1 nm =~ 1852 m=1.852 km

1°=60"— 360" =360 x 60’ =21 600’ 4
.. The circumference of the Earth = 21 600 nm

equator

Distance along a circle of longitude N
In the diagram, two points A and B lie on the same longitude.

\

z represents the difference in latitude.
arc AB : circumference of circle = z° : 360°
arc AB x 360° =2nR X z°

ZO
2% 4 2nR
3600 "

".|Distance along a circle of longitude =

S

Example 2 Given that the radius of the Earth is 6370km, calculate the distance between
A(40°N, 50°W) and B(24°30'S, 50°W) in: (a) nautical miles (b) kilometres
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(Take 7 to be 3.142)
(a) The two points lie on the same meridian.
The difference in latitude = 40° + 24°30" = 64°30" = 64 x 60’ + 30" = 3870’
~.The distance = 3870 nm
(b) The difference in latitude = 64°30" = 64.5°

64.5° o o _ 64.5°

360° 360° x2x3.142x6370="7172 km

The distance =

Distance along a circle of latitude

equator

In the diagram, A and B lie on the equator, and C and D lie on the circle of latitude x"N.

ZAOC = ZOCP = x" because of alternate angles.
CP_r
OoC R

Therefore The radius of a circle of latitude » = Rcosx®

In the right-angled triangle OCP, cosx® =

/AOB = /CPD =)’ as these are angles between the same meridians.
arc CD : circumference of circle of latitude x’N = ZCPD : 360°
arc CD x 360° =2xr x y°

o

Y
CD =
arc 360°

x 27tr Now r = Rcosx’.

o

Y

2nR °
3600>< nRcosx

.. Distance along a circle of latitude =

Example 3 Point A is on latitude 60°N, longitude 20°E and point B is on latitude 60°N,
longitude 110°E. Given that the radius of the Earth is 6 370km, find the distance along
the circle of latitude between A and B in:

(a) nautical miles (b) kilometres (Take &t to be 3.142)
(a) The difference in longitude = 110° — 20° = 90°
The distance AB =90 x 60 x cos60° =2700 nm
(b)
. 90°
The distance AB =
360°

x 2R c0s 60° = %x 2x3.142 xl\é370x% — 5004 km

Example 4 The diagram shows that A and B both lie in
latitude 55°N, meridian NAS is 125°W and meridian NBS
is directly opposite NAS.

equator

(a) Write down the positions, using latitude and longitude,
of the points: (i) A (ii) B

(b) Calculate the shortest distance AB in nautical miles

(a) (i) A lies on latitude 55°N and longitude 125°W, i.e. (55°N, 125°W)
(i1) Meridian NBS is 180° — 125° = 55°E longitude.
B lies on latitude 55°N and longitude 125°W, i.e. (55°N, 55°E)
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wo paths as distance can be considered:
(b) T hs as di AB b idered
(i) via the North pole (along a great circle)
(i) along the circle of latitude 55°N

(1) In the diagram on the right,
ZAOB =180" -2 x55° =70°
The distance ANB = 70 x 60 = 4200 nm
(i1) The difference in longitude = 180°
The distance AB along the circle of latitude = 180 x 60 X cos55°

=6195 nm
A comparison of the two distances shows that the distance via the North pole is

shorter than the distance along the arc of the latitude.

In general,

the shortest distance between two points on the Earth’s surface is the length of the

arc along the great circle passing through them.

Speed in nautical miles per hour: A speed of 1 nautical mile per hour is 1 knot. This
is the unit commonly used by ships and planes. (1 knot = 1.852 km/h)

Example 5 A plane flies due south from town A (37.5°N, 15°E) to town B (15°S, 15°E)
in 9hours. Find the speed of the plane in knot.

The difference in latitude = 37.5° + 15 =52.5°

The distance AB = 52.5 x 60 = 3150 nm
stance _ 3150nm

= = knot
time 9h 350 knots

.. Thespeed = di

("9) Time

The Earth rotates making a complete rotation (360°) in 24 hours.

360°
24

The world is divided into time zones which are determined from the universal time line

=15° in one hour.

Therefore it rotates

at the Greenwich meridian. The universal time is called Greenwich Mean Time (GMT).

For every 15° moved to east of the Greenwich meridian one hour is gained against
GMT and for every 15° west of the Greenwich meridian one hour is lost against GMT.
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Example 6 Alexandria is on longitude 30°E. What is the local time in Alexandria if it is
05:00 hours GMT?

[e]

= 2 hours ahead of GMT.

Local time is

Therefore local time in Alexandria is 05:00 + 2hours = 07:00 hours.

Exercise 20
1 The diagram is an extract from
an Atlas of the World map.

(a) Write down the position (in
Latitude and Longitude) of the
town: (i) New Orleans

(i1) Cairo
(iii) Durban

(b) Taking & to be 3.142 and R =
6370km, calculate the distance
in kilometres from:

(1) Cairo to Durban (ii) New

Orleans to Sankt-Peterburg

(c) When the time in Sankt-Peterburg is 14:00 hours, calculate the time in
(i) Durban (ii) New Orleans

The diagram shows positions of four towns A, B,
C and D on the Earth’s surface. Two jets X and Y
are to fly from town A to D. X flies along the circle
of latitude 45°N to B and then due south to D,
while Y flies due south to C and then along the
circle of latitude 20°N to D.

(a) Calculate the total distance travelled by each jet

80°W N

20°W

45°N
0°N

A
C

—]

B
D

—

—

in kilometres. S
(b) Given that jet X has a speed of 400 knots and assuming that it flies at this speed

from A to D, calculate its flight time, giving your answer to the nearest hour.



(c) If is also given that jet Y takes the same time to fly to town D as jet X, calculate
the speed of jet Y in knots, giving your answer to the nearest ten.

29 Probability

The probability of an event happening is a measure of how likely that event happens.
Probability is measured on a scale from 0 to 1. A value of 0 means it is impossible,
while 1 means it is certain. The probability of an event A is usually denoted by P(A).

In general, P(A) + P(not A)=1. .". ?(not A)=1-P(A) |

(7)Theoretical Probability
Theoretical probability is the probability of an outcome occurring in theory. This
probability is based on equally likely outcomes (e.g. coins, dice, cards, etc.). Theoretical
probability is expressed as:

P(A) = number of favourable outcomes
total number of possible outcomes
e.g. If a coin is tossed,

The probability of heads = P(Heads) = %, P(Tails) = %
Example 1 A box contains 3 red balls, 2 blue balls and 1 white ball. If a ball is picked at

random from the box, what is the probability that it is:
(a) red (b) blue (c) white (d) black (e) not blue

(a) Total number of ballsis 3 +2 + 1 =6. P(red) = % = %
2 1 N | 0
(b) P(blue) = $°3 © P(white) = s P(black) = s 0

(¢) P(not blue)=1-P(blue)=1 —% _Z

(4) Combined Events

A combined (compound) event involves two or more events
Mutually exclusive events: are sets of events which cannot occur at the same time.

e.g. The outcomes of tossing a coin

"'Either heads or tails turns up. They cannot occur at the same time.

In general, if A and B are mutually exclusive events,

P(Aor B) = P(A) + P(B) |

This rule is called the addition rule and can be applied to any number of events if they

are mutually exclusive.
Example 2 A box contains 3 red balls, 2 blue balls and 1 white ball. If a ball is picked at
random from the box, what is the probability that it is red or white?

Total number of balls is 6, 3 of these are red and 1 are white.
P(red) = %, P(white) = %

. P(red or white) = % +% = % - %

Independent events: are events which have no effect on each other.
e.g. When two dice are rolled, their outcomes are independent.

In general, if A and B are independent events,

P(A and B) = P(A) x P(B) |

This rule is called the multiplication rule and can be applied to any number of events if
they are independent.

Example 3 A bag contains 2 red beads and 3 white beads. A bead is picked at random
from the bag and replaced in the bag. Then a second bead is picked from the same bag.
What is the probability that both beads were red?
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The two events are independent.

P(red on 1st picking ) = %, P(red on 2nd picking) = %

. P(both red) = %x% - %

Dependent events: Two events are dependent if the first event affects the second event.

e.g. If a bead is picked at random from a bag of red and white beads, and it is not
replaced in the bag, the colour of the second picked bead is dependent on the first event.

The multiplication rule can also be used to find the probability of a combination of
dependent events.

Example 4 A bag contains 2 red beads and 3 white beads. A bead is picked at random
from the bag and is not replaced in the bag. Then a second bead is picked from the same
bag. What is the probability that both beads were red?

If the first bead is not replaced, then there are 4 beads remaining in the bag.
And if the first bead was red, then there are only 1 red bead left in the bag.

So P(red on Ist picking) = %, P(red on 2nd picking) = %

- P(both red without replacing) = 2,1_1

57410
Tree diagrams: are diagrams on which the possible outcomes of events are written at
the ends of the ‘branches’.

e.g. (a) A bag contains 2 red beads and 3 white beads. A bead is picked at random from
the bag and replaced in the bag. Then a second bead is picked from the same
bag.

(b) A bag contains 2 red beads and 3 white beads. A bead is picked at random from
the bag and is not replaced in the bag. Then a second bead is picked from the
same bag.

The information above can be shown below.
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(b) LR
4 R: Red
W: White

w

R

3
5

first ! second w first ! second

Example 5 A box contains 3 blue marbles, 4 red marbles and 5 green marbles. A marble
is taken and is not replaced, and then a second marble is taken.
(a) Draw a tree diagram to show all the possible outcomes.
(b) Find the probability of taking: (i) two green marbles
(i1) one blue marble and one red marble (iii) two marbles of the same colour
(iv) two marbles of different colours (v) no red marble

(a) The tree diagram is shown below.

B: Blue Outcome There are 3 branches for the first
R: Red | A B BB taking of a marble and these are
G: Green BR marked on the branches. At the end of

each of the first branches, there are 3
BG further branches for the second taking
RB of a marble. The probabilities for these

RR branches are different from the first 3

branches because the first marble is
RG not replaced.
GB

GR

GG



. 3.4,4_3 1 1 2
(i1) P(BandR)—P(BR)+P(RB)— B X 11+ 11" 11 + 1111
(iii) P(two marbles of the same colour) = P(BB) + P(RR) + P(GG)

=ixi+ixi+ixi=6+12+20=38 =Q

12 11 12 11 12 11 132 132 66
(iv) P(two marbles of different colours) = 1 — P(two marbles of the same colour)
19_47
66 66

(v) P(no R) = P(1st not red, 2nd not red)

:( _ijx[l_ij:ixlzﬁ
12 11 12 11 33
OR If no R is taken, outcomes are BB, BG, GB and GG
P(no R) = P(BB) + P(BG) + P(GB) + P(GG)
3.2 . 3 5.5 3.5 4
TRV A TR VA TRV T
_6+15+15+20 _ 56 _ 14
132 132 33

Exercise 21

1

If a six-sided die is rolled, find the probability that:

(a) 1 turns up (b) an odd number turns up (c) a prime number turns up

Two fair coins are tossed. Find the probability of getting a heads and a tails.

A bag contains 1 red, 2 yellow and 3 blue beads. A bead is selected and replaced in
the bag. Then a second bead is selected What is the probability of getting:

(a) two yellow beads (b) one red bead and one blue bead (c) no red bead

(d) two beads of the same colour (e) two beads of different colours

Bag X contains 2 white and 3 black marbles. Bag Y contains 3 white and 2 black
marbles. A marble is chosen at random from Bag X and placed in Bag Y without
seeing its colour. A marble is now picked from Bag Y. What is the probability that it
is white?

A box contains 2 white, 5 black and 3 red balls. Two balls are drawn from the bag in
succession without replacement.

(a) Draw a tree diagram to show all the possible outcomes.

(b) Find the possibility of getting:
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(1) two red balls (i1) one white and one black ball
(iii) one black and one red ball (iv) no black ball
(v) two balls of the same colour (vi) two balls of different colours

30 Statistics

Statistics deals with the collecting, recording, interpreting, illustrating and analysing of
data. Statistics are used to make decisions and predict what may happen in the future.

(77) Presentation
Data can be presented visually in different ways, depending on the nature of the data
and what you would like to show.

Pie charts: are circular diagrams in which the angles of sectors represent the frequency

(the angles are proportional to the frequency).

Example 1 The pie chart represents 60 pupils.

(a) What angle represents 1 person?

(b) How many people are represented by sector B?
(c) If sector C represents 9 people, find its angle.
(d) How many people does sector D represent?

(a) 360° represents 60 people.
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360°
= 6° represents 1 person.
60 p p
108°
(b) o =18 people
(€)9 % 6° = 54"
(d) Angle of sector D =360° — 60° — 108° — 54° = 138" .". 12§ = 23 people.

or sector A represents = 60° ~ 6° = 10 people. So 60 — 10 — 18 —9 =23 people

Bar graphs: are diagrams in which the vertical or horizontal bars of equal width
represent the frequency (the lengths are proportional to the frequency).

e.g. ;
& Population of a ¢ Sports activities
20
Volleyball |
IS
: | Basketball [N
210 | ;
3 H } Netball |
1 |
Line grapns: are alagrams 1 wnich frequuiicivo wiv proves winu wiv pusiw we jdined by
lines.
e.g. Change in 1
100
SLsa
'3/ 60 -~
3 40
s
(4 )Measures

Measures of averages (central tendency): There are three kinds of average in statistics

— mean, mode and median.
Mean: is the arithmetically calculated average which is found by adding up all the

values and dividing by the number of values.

Mean = Sum of all the valpes
Number of values

Mode: is the value with the highest frequency.

Median: is the middle value of an ordered set of data. In general,

position of median = i;_—l where 7 is the number of values. For an odd number

of values, the median is the value in the middle. For an even number of values, the
median is the mean of the two middle values.
Example 2 Find (i) the mean, (ii) mode and (iii) median of the numbers:
(@)2,3,5,6,6,9,10 (b)5,2,1,3,6,5,5,2,3,4

24+3+54+6+6+9+10

7
(i1)) Mode is 6 (iii) Median is 6

(a) (i) Mean = =5.85=5.9 (to 2sf)

(b) Arrange the numbers in ascending order: 1, 2,2, 3, 3,4, 5,5,5,6
1+2+2+3+3+4+5+5+5+6:36

10
(il)) Mode is 5 (iii) Median = % =3.5

Measures of spread (dispersion): gives how much the data is grouped around the
average or spread out. There are several ways of measuring spread.

(1) Mean=

Range: is the difference between the highest and lowest values.

range = highest value — lowest value

Quartiles: divide the values into four equal parts (this means there are three quartiles).
The second quartile (Q.) is the median and the other two quartiles are called the lower
(Qy) and upper quartile (Qs). In general, if n is the numbers of values,

"T"‘l’ position of upper quartile(Q 4 ) _ 3(n4+ 1)
4 —

position of lower quartile(Q] ) =

Interquartile range: is the difference between the upper and lower quartiles.

Interquartile range = upper quartile — lower quartile
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Example 3 Find the range, the lower quartile, the median, the upper quartile and the
interquartile range of the numbers 25, 31, 30, 24, 28, 33, 35, 31, 27, 23, 33.
Arrange the 11 numbers. 23 24 25 27 28 30 31 31 33 33 35
Q Q: Qs

1141 1141

2

[position of Q, = 3

=3, position of Q, =

= 6, position of Q, =

..the range = highest value — lowest value =35 - 23 =12
the lower quartile = 25
the median = 30
the upper quartile = 33
the interquartile range = upper quartile — lower quartile =33 —25=38

Percentiles: divide the values into 100 equal parts. Percentiles are used for large
amounts of data. In genera, if # is the numbers of values,

position of mth percentile(Pm )= M (anE)L ) e.g. the 90th percentile
P 90(n +1)
%0100

It can be said that the lower quartile is the 25th percentile, the median is the 50th
percentile and the upper quartile is the 75th percentile.

(77)Frequency Distributions

A frequency distribution is used for large amounts of data.
Frequency tables: show the frequency each value occurs.

Example 4 The data below shows the marks obtained by 40 pupils in a mathematics
test. Make a frequency table and find (a) the mean, (b) mode and (c) median of the data.

795413786757678654710

348365254517266495763

Count the frequencies and then present these marks in a frequency table.

Marks (x) 1|12 (34|56 7|8]9]10
Frequency (f) 202351778132 1

(a) The mean can also be found by using a frequency table.
Redraw the table with another row for the product (fx) and another column at the
end for total. Calculate fx and the total of f'and fx.

Marks (x) 1 2 3 4 |5 6 | 7 8 9 | 10 | Total
Frequency (f) 2 1203|571 7|8 |3 ]2]1 40
Product (fx) 2 1419 (203542 |56|24| 18| 10| 220

The mean of a frequency distribution is given by the following formula:

.o . Sumf fx
Mean of a frequency distribution = todl f
220
Mean = —= 55
40

(b) The mode can be found easily. Find the marks with highest frequency.
So 7 is the mode.

40 +1

(c) position of median = =20.5

The 20th number and 21st number both are 6. So the median is 6.

Grouped data: is data put into groups to make it easier to handle when there is a large
number of data or the data is widely spread. The groups are called classes and the width
of a class is called a class interval. In any collection of grouped data, the class intervals
are usually all the same but do not have to be.

Example 5 The table below shows the heights of 50 pupils in ascending order.
Construct a frequency table using a class interval of 5, beginning with 151-155.

154 155 156 157 157 158 158 159 159 159

159 160 160 160 161 161 162 162 163 163

164 164 165 165 165 165 165 166 166 167

167 167 168 168 168 169 170 170 170 171

171 172 172 172 173 173 174 174 175 176
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The heights can be grouped into classes having a class interval of 5 as follows.

Heights 151-155 | 156-160 | 161-165 | 166-170 | 171-175 | 176-180
Frequency 2 12 13 12 10 1

Mean of grouped data: can be found by using the class centre as the representative for

each class. (The class centre is the mid-point of the class interval)

Example 6 Calculate the mean of the grouped data of Example 5.

Redraw the table with two more row for the class centre (x) and the product (fx), and

another column at the end for total.

Heights 151-155 | 156-160 | 161-165 | 166—170 | 171-175 | 176-180 | Total
Class centre (x) 153 158 163 168 173 178
Frequency (f) 2 12 13 12 10 1 50
Product (fx) 306 1896 2119 2016 1730 178 8245
Sum of fx
. Mean = Jx_8245 g9

total £/ 50

Histograms: are like vertical bar graphs of grouped data in which each frequency is
represented by a rectangle, there are no spaces between the bars, the widths of
rectangles are proportional to the class interval and the areas of rectangles are
proportional to the

15
frequency.

e.g. The diagram on the 10
right shows the histogram
for the data of Example 5.

Frequency polygons: are diagrams obtained by joining the mid-points of the tops of
the bars on a histogram.

e.g. The diagram below shows the frequency polygon of Example 5.

14 . 14
12 12
10 10
8 8
% il
Biod 4

frequency polygon with histogram frequency polygon without histogram

(T)Cumulative Frequency
A cumulative frequency is the frequencies added to produce a running total. A

cumulative frequency is used to make estimates.

Cumulative frequency curves: are diagrams obtained by joining the cumulative
frequencies against the upper class boundaries with a smooth curve. (The class
boundary is the border between two class intervals. The upper class boundary divides a

class interval from the one above it.)

Example 7 Draw a cumulative frequency curve for the data of Example 5.

Redraw the table with two more row for the upper class boundary and the

cumulative frequency.

Heights 151-155 | 156-160 | 161-165 | 166-170 | 171-175 | 176-180
Upper class

155.5 160.5 165.5 170.5 175.5 180.5
boundary
Frequency 2 12 13 12 10 1
Cumulative 5 2+12 14+13 | 27+12 | 39+10 | 49+1
frequency =14 =27 =39 =49 =50

(This table is called a cumulative frequency table.)
Plot the cumulative frequencies against the upper class boundaries and join them

with a smooth curve.
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50
40
30

20

A cumulative frequency can be used to find out further information about the data such
as ‘How many pupils scored more than 75%?’ or ‘How many pupils scored less than
25%7°

Example 8 The table below shows a test marks of 300 pupils.

Marks 1-10 | 11-20 | 21-30 | 31-40 | 41-50
Frequency 6 14 49 70 65
Marks 51-60 | 61-70 | 71-80 | 81-90 | 91-100
Frequency 44 29 13 7 3

(a) Draw a cumulative frequency curve.

(b) Use your graph to estimate: (i) the median (ii) the interquartile range

(c) Pupils scoring 75marks or more were awarded distinctions. Estimate the number of
pupils who had distinctions.

(d) If a pupil is chosen, what is the probability that his marks will be greater than 65

marks?

(a) Construct the cumulative frequency table.

Marks 1-10 [ 11-20 [ 21-30 | 31-40 | 41-50
Frequency 6 14 49 70 65
Cumulative

6 20 69 139 204
frequency
Marks | 51-60 [ 61-70 | 71-80 | 81-90 | 91-100

- 65—

Frequency 44 29 13 7 3
Cumulative

248 277 290 297 300
frequency

Plot the cumulative frequencies and join them with a smooth curve.

30208 i f< /./.,—.
263\ Pl

250
Upper quartile (Q,)

Median (Qz)

Lower quartile (Ql)

(b) Median = 50th percentile
Upper quartile = 75th percentile Lower quartile = 25th percentile
From the graph,
(1) the median = 42
(i) the interquartile range = upper quartile — lower quartile = 55 —31 =24
(c) The frequency at 75 marks is 285. So 284 pupils were not awarded.
The number of pupils who had distinctions = 300 — 284 = 16
(d) The frequency at 65 marks is 263. So 37 pupils’ marks are greater than 65 marks.

So the probability = 2L

300
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Exercise 22

1

The pie chart shows how a pupil spends a day.

(a) What fraction of time is spent for school?

(b) How long is the time for sleeping?

(c) If the time for homework is 2hours, what is the
angle of sector ‘homework’?

(d) What percentage of time is spent for eating, giving

your answer correct to 1dp?
Find (a) the mean, (b) mode and (c) median of the numbers:
6,5,4,6,7,3,4,8,2,6

The table below shows the marks obtained by a class in a mathematics test.
Marks 0-9 10-19 | 20—-29 | 30-39
Frequency 2 7 23 15
Marks 40-49 | 50-59 | 60-69 | 70-79
Frequency 6 3 2 2

(a) Draw a histogram.

(b) Find: (i) the number of pupils who wrote the test (ii) the mean of marks

100 pupils were asked the time they took to travel to their school in a city. The
results are shown in the following table.

Time in min (x) 10<x<20 | 20<x<30 | 30<x<40 | 40<x<50
Number of pupils 8 17 23 20
Time in min (x) 50<x<60 | 60<x<70 | 70<x<80

Number of pupils 15 11 6

(a) Calculate an estimate of the mean of time taken to travel.

(b) Copy and complete the cumulative frequency table for the time taken to travel.

[ <20 [ <30 [ <40 [ <50 | <60 | <70 | <80 |

‘ Time in min (x)

- 66 -

‘Number of pupils ‘ 8 ‘ | ‘ | ‘ ‘ 100 ‘

(¢) Draw a cumulative frequency curve to illustrate this information.
(d) Use your graph to find: (i) the median of time taken (ii) the interquartile range
(e) If a pupils are chosen at random, find the probability that he will take less than or

equal to 35minutes.

31 Sequences

A sequence is a list of numbers which follow a mathematical rule. Each number in a
sequence is called a term of the sequence. If the rule is not given, it can be worked out
from the first few terms.

Example 1 Write down the next two terms in each of the following sequences.
(a)3,7,11,15,... (b)2,4,8,16,...

(a) Each term is obtained by adding 4 to the previous term.
.".The next two terms are: 15 +4 =19 and 19 +4 =23

(b) Each term is obtained by multiplying the previous term by 2.
~.The next two terms are: 16 X 2 =32 and 32 x 2 = 64

The nth term of a sequence: can be expressed as a function of n. The nth term is
denoted by «,, . In general,

-if each next term is obtained by adding a constant to the previous term,

p, =a+(n—-1)d

where a = the first term, n = the number of terms, d = the common difference

-if each next term is obtained by multiplying the previous term by a constant,

_ n—1
iln = ar

where a = the first term, # = the number of terms and d = the common ratio

Example 2 Find the formula for the nth term of following sequences.
(a)2,5,8,11,... (b)3,6,12,24,... (c)1,4,9,16,. ..

(a) Each term is obtained by adding 3 to the previous term.



Soa=2andd=3...a, =2+(n-1)x3=3n-1

(b) Each term is obtained by multiplying the previous term by 2.
Soa=3andr=2...a, =3x2""

(¢) Each term is obtained by squaring the number of its position.

Istterm=12=1, 2nd term =22 =4, 3rd term = 3*=9, ... .. a, =n’

Applications of sequences
Example 3 Match sticks joined end to end were used to construct squares as shown
below. The table shows the relationship between the number of squares (n) and the

number of match sticks (m) used.

@ @ @  J
o o o  J
Number of
1 2 3 4 5

squares (n)

Number of
4 7 10 X y

match sticks (m)

(a) Find the value of x and y in the table
(b) Write down the formula of m in terms of n.

(c) Find the number of squares (#) that will be constructed with 151 match sticks (m).

(a) Each term is obtained by adding 3 to the previous term.
Thereforex=10+3=13andy=13+3=16

(b) The first term (a) is 4 and the common difference (d) is 3.
cm=4+m-1)x 3=3n+1

(c) Substitute 151 for m and find the value of n.

151=3n+1 3n=150 ~.n=50

Exercise 23

1 Find the next two terms: (a) 2, 5,8, 11,... (b)8,6,4,2,... (¢) 1, 10, 100, . ..

(d)16,-8,4,-2,... (¢)1,2,4,7,11,... (f) 4,9, 16,25, . ..

2 Find the nth term: (a) 1, 3,5,7,... (b) 10,6,2,-2,.. (c) 2,6, 18,54, ...
(d)0,1,4,9,16,... (¢) 1,8,27,64, ...

3 Consider the following pattern.

(a) How many dots are in the 4th rectangle space?
(b) Write down the formula for the number of dots in the nth rectangle.
(c) A given rectangle has 44 dots, what is its position in this pattern?

(d) How many dots are in the 25th rectangle?

-67 —

simsiky@gmail.com



Answers

Exercise 1
1 3 ®3 @1 D24 (D3
2 (a)7-2+12=17(b)12-6=6(c) 35— 8=-43

6+4-1 9 1
3 (@2+1-448+4-1_ 1,9 1
(a)2+ + 2 +8 2
15-5+12 . 22 11
24434 5-5+12 22 11
(0)2-4+3+=—3 30715
6
4 7 4 8 1
©3+% zlzx7 777

1
@T+(3-9)-1-2,25218 11,10
3 \2 5) 4 3 10 4 3

3 4 12 12U 12

4 42 =2x3x7, 70=2x5x7, 105=3x5x7
S.HCF =7, LCM = 2x3x5%x7 =210

7
7+6
6 (a) 135min: 13.5min=10:1

8 .15 .12
b) —:—:—==8:15:12
()12 12 12
7 1lcm on the map represents 20 000cm = 0.2km.
(a)1:02=8:x .".x=0.2x8 = 1.6km

_10 7:40—21_Q(:17)

x 455 =245 boys

6
b)1:02=x:6 x=—=
(b) x:6 x 0.2 30cm

(¢c) 1em? on the map represents 0.2x0.2 = 0.04km?.

1:0.04=200:x .".x=0.04x200 = 8km?

(@ 1:004=x:3 x:ﬁ:750m2

Exercise 2

1 Cost=10%45 000 = K450 000
Income = 9x52 000 + 1x40 000 = K508 000
Profit/Loss = 508 000 — 450 000 = K58 000 (profit)

2 (aa) Discount = % «120 000 = 6 000
120 000 — 6 000 = K114 000

00-5 _ k28500

(b) original price x 1

original price = 28 500 % % — K30 000

1200 000x9.5% 5

12
1= = K76 000
100

A =1200000+ 76 000=K1 276 000

Px7x4
100

3

4 Amount =832000=P+

~832000x100

o8 = K650 000

SP

_ Ix100 120 000x100

R= _ — 8%
5 PT 250 000 x 6 °

Exercise 3

- 68 -

3 3
@16% =(#16)] =2° =8 or [2*)+ =2° =8
3 (@) 7.03x107 (b) 8.4052x10° (c) 7.2x10°
(d)3.75%10*
4 (@)3.0 (6)2.97 (c) 2,974
5 (2)40 (b) 41 (c)41.0 (d)40.97

Exercise 4

1 E={1,2,3,4,5,6,7,8,9,10}, A= {2,3,5,7} B=
{1,3,5,7,9},C={3,6,9}
(a)A'={1,4,6,8,9} (b)ANB={3,5,7}
(c)B'=1{2,4,6,8},C'=1{1,2,4,5,7,8}
SB'NC = {2,4, 8
(dBNC={3,9} ..AUBNC)=1{2,3,5,7,9}

2If A and B don’t

intersect, n(AUB) s A: : B




largest and n(A N B) is smallest. The largest value of
n(AUB) is 7 + 5 = 12 and the smallest value of
n(ANB)is 0.

If BCA (Fig 4.2), n(AUB)
smallest and n(ANB) is B
largest. The smallest value
of n(AUB) is 7 and the

is

largest value of n(ANB) is
5.
@[E A B E A B

Exercise 5
1 (a) 6x*—2xy (b) 5x—19y (¢) @*+3a—10
(d) 3x* — 2xy — 8 (e) 4a* — 12ab + 9b*

) 4x* —4+ Lz

X

2 (a)3x(x—2)
(b) 3a(c — 2d) — 2b(c — 2d) = (3a — 2b)(c — 2d)
(©) (x + D(x+2) (d) (x +3)* (&) (x = 7)x +3)

pl2 pl9 p | 21
s |3 s |6 s | 4
fl1,2 f133 f|1-7,3
() 2x*-5x-3 v 6
=2 -6x+x-3 s | -5
=2x(x-3)+1(x-3) _fl1-61

= (x=3)2x+ 1)

(g) 12x* — 5xy — 2)? T 24y
= 12x* — 8xy + 3xy — 2)? s | 5y
=4x(3x - 2y) +y(Bx-2y) _f|-8n3y
=3x—-2y)(4x +y)

(h) (7 + 4x) (7 —4%) (i) (ab + 2¢) (ab—2¢)

OHsE-H+2(P-4)=(+2)(+2)(t-2)

1 (3x—2)(x+4) _ x+4
3@ OB 2x—3)  2x-3
© —(@-2) _ -1 @ 1F2x2_ 5
(a+2fa—-2) a+2 2a  2a
© Ix(x—p)+1x(x+y) 2x
e =
(x+)x =) (x+)x =)
1 1 2x-3-1

O T3 x-2) 2x—3)x-2)

-69 —

o 2x=2) 2
C(2x-3)x-2) 2x-3
@2, 3 2

9 —(x—y) 3

x+1 2x—4) 2
W G304 1y G-I

,(x+y)(x+3y)>< y _x+3y
) xy x+y_ X

Exercise 6
1007 4V
1 @R="2L (), =32
(@ I T
©Q2p+)t=q . .t= g
2p+1

(d)yzz;;tlz y2(3x—2)=x+1
2
By~ =252 +1 x=22*]
3y° —1

2 (a)x=% ®)x=0 (c)x=10 (d)x =

3 @x=3,y=6 b)x=6,y=-2

@©i=3 y==2 @x=-1y=2

4 (A)x(x—-3)=0x=0,3
®)x+2)x+3)=0 x=-2,-3
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(©)(x—3)>=0 x=3

(d) 2x+ Hx-3)=0 x:—%,3

(@ 1EVI3 _1£3.606 _ 10 (43
6 6
(®
_ 1AL Z126403 ) s oo

1 1
_(LYys (Y1 d
oG-ty e
1
_g3-p1_1
x=28 >
(€)2°=2*x=4 (N 10°=10° -.x=0
(@5 =571 2x=-1 .x:—l
2
2# =20 —4x=3 x=-3
2x(-3)-3
(@) f(—3):—x(_3) -3
@)5:2%fé Sx=2x-3 ..x=-1

e __—3 P .
(c) xy=2x-3 x -2 o (x) ="

@ =5

Exercise 7
1 (a) gradient=1 y-intercept =—-2

(b) y=2x+4 gradient=2 y-intercept =4

©y= —gx +2 J;;radient -_2 y-intercept = 2
3 A/ (b)2x @y

3¢

(e}
—_

2 (x| 3] 2]1

y[18[ 8202

(b) y-intercept = (0, 10°
x> +3x-10=0
x-5x+2)=0
.".x-intercept

=(5,0) and (-2, 0)

_ (.3, 49
y= (x 2)+4

.".The turning point

-70 -

(byy= & 2+ 3x +
10

3 () a:4—g+5=7.8

(b)

9 }\ tangent
8
7
6
5
4
3
2
>y

(c) The tangent passes through the origin.

-0_5

gradient = > ==

~ n ~

9
(d)

8
7
6
5
4
2

Draw three trapeziums in which each height is 1 unit.
Area



=%(3+5)x1+%(5+6.5)x1+%(6.5+7.8)><1

=16.9 unit?
(e) From the graph, x =0.7

6 —0 4.6 _
(®) 4+6—;+x—4x—0 ..4—;+x—4x—6

Draw the line y = 4x — 6. From the graph, x = 0.9, 2.6

4 (a) deceleration = % =—0.5m/s?

(b) total distance = area of (i) + area of (ii)

+ area of (iii)

:lx20X10+20x20+lx5x20=550m
2% 2

()
N

0 10

(c)

total distance _ 550 — 22 mJ/s

average speed = total time 25

(d) deceleration = % = -4 m/s?

speed =20 + (—4)x2 =12 m/s

Exercise 8
1 (@x>-1

:::Q::'::>
o 0 0 o

(b)x<3 <
(©x<4
(d)-3<x<2 <

2 x+2<7=>x<57<2x+1=3<x
3<x<5..x=4

3 (a) smallest x + smallest y = -2 + (—6) =—8
(b) largest x — smallest y =3 — (—6) =9
©y=-5

5 (a) x=0 = y-axis, y =0 = x-axis

6 (a)(i)x+y>60 (i) y>x (iii) y < 2x
(iv) x +2y < 150

(b) e

(c) The'g; ;ﬁof acid B means that
the gre d}natfs arg §80, 60)
So the -
The m >x

(d) Whe

passes through the point
(30, 30), the volume becomes ¢

smallest.
So the volume is 30 it 2=k
30x1 + 30%2 = 90mm? | ]
mm //6| 20 éb\ >x
Exercise 9
1 6x12=xx8 ..x=9 people
2
2 Y 8 . 2 2
v=hkx"k=—F=—7=2 . y=2x"=2x5°=50
xz 27
3 __k = = =
y=-5 k=y(x-2)=2x(5-2)=6
x_
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Y2782
2 2
(a)y:kX_ k:yZ=5X3—15. :15x
z x2 12 z
5
» vz 6x10
_2 Y R——
© * =155 X

Exercise 10

1
2

3x +90° + 114° =360° ..x =52°

(a) ZABD = /BDE = 46°

(b) ZEBC = 180° — /BEF = 102°

(¢c) MBEF = /DBE + /BDE = 78°
(or=180" — ZABE)

(10 —2)x180° = 1440°

Each exterior angle = 180° — 135° = 45°

360° _ 0. . _ 360° _
. =45° . n= 450 =& or
(n—2)x180 _ 1350

n

(a) ZLCED = £ZEBA = 60" "."corresponding angles
/BED =180° — ZCED = 180" — 60° = 120°

(b) BAD = /BED = 120° ".’opposite angles
BAC=120"-35"=85"

(c) ZADF = ZABE = 60° "."opposite angles
/CFD = £FAD + ZADF =35° +60° = 95°

L_(6-2)x180°

=120°
6

each interior angl

/FAB :M =3(0°

S [BAE =120"-30°=90°
7 x=+6%2-3%2 =427 ~5.20cm

v =+x2 22 =/27-4 = /23 ~ 4.80cm
8 B
A 7cm

B =+/242 +72 =./625 = 25cm

D C

“dem 2452 16 =2x2

=
e

“W8 =~ 2.83cm

10 AB = /(10— 4)? + (14— 6)*> =+/100 = 10 units

11(a) ,

A The bearing of A from C
110° =180"-110"=070°

("-"Alternate angles)

(b) A
The bearing of B from A
200° =360"—-200° = 160"
(110" +90°)
B
(c)
A

A The bearing of A from B
160° -72-
(.Alternate angles) B

2 (a) /BDT =

= 180"+ 160° = 340°

(d) 110° (70" + 40°)
/ A The bearing of C from B

=180"+ 110° = 290°

Exercise 11

1 (a)xz%x70°:35°

y= %x (360° —70°) = 145°

(b) x = 35° +40° = 75°
(c) x = 180" — 100° = 80° y=80° +30° = 110°

_ 180°-94°

=43°
2

d)x=2x47"=94" y
(e) x = 180° — 2x70° = 40°
(f) x = 180° — 40° = 140°

180° —50°
2

~[BDC = 65" — 41° = 24°

(b) ZCEB = ACDT + /DTE = 41° + 50° = 91°
(¢c) BAD = /BCE = 65°

(d) /DBC = ACDT = 41°

= 65°

3 (a) REC = /EAC = 54°

(b) /BEC = 180° — 90° — 54° = 36°
(c) SSEA= /EBA = 180° — 68° — 54° = 58°
(d) ZCDE = 180° — 54° = 126°

180° —126°

- ZCED = =27°



C=+17%2-82 =15¢cm

~AC=AP+PC=21cm
(b) 4 = 2xarea of AABC

2
Exercise 12 Area of APQS = (%) x area of APQR = 8 cm?

1 (a j (b) () |
(c) V'=area of cross-sectionxlength
(d) (e) =36+ 18.50 = 54.5 m (to 3sf) =168%25 = 4200 cm®
(B)2x 2 x (4+10)x 8+ 196% 3 142 %102 Exercise 15
’ : 2 360° 1

=112 +92.51 = 204.5 m? (to 3sf)

Exercise 14 1
= 2><5><21><8 =168 cm?

1 (a)10+8+8+10+§28 «2x3.142x10

2 AIDIE|IF|IHIMISI|TI|Y 2 Shaded area = area of sector OABC — area of AOAC
No.oflines | 1 [ 1 [ 1[0 |2 | 1|0 1]1
90° 22 2 1 2 C
Order L1 1|1 |2]|1]2]1]1 = x7 x 7
360°" 7 2 AN
3 @[O[OTO[[O][@ =385-245=14 em’
No. of lines | 6 8 0 1 2 1 o0 29 Tem Sem
Oder | 6 | 8 |2 [ 121w 3@V =mr, h= £5%0.7? x40 = 61.6 cm” 2
4 (a)(1)4 (i) 0 (b) (1) 4 (i) 4 (b) A = area of circle of blade — area of hole \ \
4 T

Exercise 13

1 Q—ﬂ 3_ =2 - x=25cm

2 2
= Wolade ~ Wiod = n(rblade + Trod )(rblade ~Trod )

DB EC 6 5 272 x(7+0.7)x (7 -0.7) = 152,46 cm?
2 AD= \/EAB = gAB =4cm (c) V= areaxheight = 152.46x2 = 304.92 ¢cm?
9 3 (d) Mass = DensityxVolume
3 (a) AABC is similar to ADBA. Total mass = mass of blade + mass of rod 3
DB DA 5 4 =3x304.92 + 6x61.6
2 A 2T =1 =1284.36
AB-AC x 6 "FTleem &
) 4 () AP=+10%?-8% =6cm

simsiky@gmail.com



Exercise 16

1 (3 DB=+4.22+2.52 =489m

(b) tan/ECB = EB - 42 _ 7

CE

.. ZECB =tan"10.7 = 35.0°
(©

sin/CAE = CE - Ac=_6
sin42°

AC =8.97m

2

BD = AB x tan/DAB = 20 x tan40° =16.78 cm
BC =20x tan25° =9.32 cm
CD=BD-BC=16.78—-9.32=7.46="7.5cm

3 BC=+5%2-32 =4¢cm

4

. cosf) = —cos(180°—0) = — s

4 Area of segment = Area of sector — Area of triangle

A:3564(;0X7TX82 —%x8x8xsin54°

=30.16-25.89 =4.27 cm?
5 (a) x=4x%tan55°=5.71cm

10

= =122
(b) X cos35° m

(c) xX* = 3%+ 52 — 2x3x5x%c0s68° = 22.76
~x=4.77 cm

5 xsin68°
x

sinf = =0.9719

~.0=sin"0.9719 =76.4°
(d) x> = 5%+ 9 — 2x5x9xcos130° = 131.85

~x=11.5cm
sinf = M =0.60 .0 = sin0.60
=36.9°
(e)cosl = % =0.71875

2.0 =1c0s"0.71875 =44.0°
X2 =4+ 5% - 2x4x5x%cosf = 12.25 ~.x=3.5cm

Exercise 17

3 3 0
1<a)[1j ®»G 5 -5) (c>[1 13] (d)
4 16
10 12)

6 3 -1 6
2 @(®) <b)[4 2] ©(=3 1 (d)[2 8]

(12 —11) (e)[_;

-74 -

7 10 -3 -2\ (10 12
15 22 2 o) 13 22

4 AB B 4 1+2b BA B
\2a—-1 a-b)’ B
2+a 4-b
l+ab 2-5b
La=2,b=1

5 2ax1 —(4)xa=12 .a=2
6 det=x(x+8)—3(x+2)=0
x+6)(x—1)=0 "x=-6,1

(40 -0
o(3)=2(3 2 )5)-0)
o3)=5(5 25

Exercise 18

2 4

1 (a)2+lz=(6j (b)Q—QZ[_zj (©)
)

3a+2b=

="="l4

(d)]a| =32 +22 =13 (e)

6] = (-1 + 4> =17
(D]a+b| =22 +62 =440



(&)|a—b|=+4%+(-2)* =v20

() AB=—-a+b

(ii)@:O_A’+%E=g+%(—g+g)=
(b)ﬁ:—ﬁ+ﬁ=—g+%lz
(c)

—_— — —  —

OP = OA + AP = OA + hAN = a+h( a-l-%lz)

= _ha|lhb
(1 )_ 5 "=

(i)ﬁ:%g (ii) BE = —OB + OF = —b +
(b)(i)ﬁ=k(—é+§gj

(ii)FF:EB’+]i:’:%kg+(1—k)g
(c) OF = hOC = h(a +b)

1 3
D=k=hl1-k=h k== h=
()3 ) 5]

1
4

1—»

(e) OF = ZOC J.OF:FC=1:3

b)lr—d

| S~

4 (a) BE = kCB = kOA = ka

(b)

ﬁzh@zh(ﬁ+@)=h[OA+

_— ) —

AB

|

SLX NS
() DE = DB+BE—§H3+ﬁ—%c+ka

2 —_ l — 2 :l * =
h(g+§g)—kg+3(_: h—k,3h 3 ~oh

Exercise 19

1 (a)
2
C
( '
Al B
“x
 — 0 —4
(b) TrafiSlation With ‘column vedtor 3
2 (a) YA D
A B
o B x
A D' 1 C'
y o |
~ | . 7
(b) Refleption in|the k-axis. |~
VoL
0 —_Df?,/,-’—‘=’ A x
A&t
B

)

3 (a)

() (3,2) (c) 270° clockwise or 90° anticlockwise

4ab122_1 2 2
c d\1 1 2) |-3

-3 —6]
1 0
a=1,b=0,c=0,d=-2 (

o 2)

The scale factor is -2,

5 (a8
Ay
C \ I
+ N\ =
AN\ g
\ v
N \ D G
A \\ B H
\\ \ >
0 3 N4 3 1o 12 “x
\
L4 X
\\\
\\
1 F

(b) Join A to D and C to F. The point of intersection
(3, 2) is the centre of enlargement.

image length  DE
objectlength AB

_ -4

- = -2 = scale factor

~.Enlargement with centre (3, 2) and scale factor —2.
(c) The invariant line is parallel to the x-axis, so let
the line be y = a.
A(2, 2) moves 4units and C(2, 5) moves 10units.
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= ~.a=0 The invariant line is y = 0

i.e. x-axis. Shear factor is

4
=2.
0

.Shear with x-axis invariant and shear factor 2.

Exercise 20
1 (a) (i) (60°N, 60°W) (ii) (30°N, 30°E)
(i) (30°S, 30°E)
(b) (i) Difference in latitude = 30° + 30° = 60°

60°
360°

(i) Difference in longitude = 60° + 30° = 90°

Distance = x 21R = 6672 km

Distance = 90° x 21tRc0s60° = 5004 km

360°
(c) (1) 14:00 hours

o
50 = 6 hours
14:00 — 6hours = 08:00hours
2 (a) Difference in latitude between A and B (C and D)
= 60" = 60x60" =3 600’
Distance AB = 3600xco0s45° =2 545. 5 nm
Distance CD = 3600%c0s20° = 3 382. 8§ nm
Difference in longitude between B and D (A and C)
=25°=25%60"=1500'
Distance BD = Distance AC = 1500 nm
~.Distance by jet X = 2545.5 + 1500 = 4045.5
= 4046 nm
~.Distance by jet Y =1500 + 3382.8 = 4882.8

(ii) Difference = 920°

= 4483 nm

(b)
. _ Distance _ 4045.5 _
Time = Speed =100 _ 10.1 =10 hours
(©)
_ Distance _ 4882.8 _ _
Speed = Time  ~ 101 - 483 = 480 knot

Exercise 21

1 3 1 3 1
1 — _ = — _ = —
@ =5 0©¢=7
2
P(Hand T) = P(HT)+ P(TH) = L x L L L _
2 2 2 2
3 These events are independent.

1 2 1 3 1
(R)=¢, PY)=2 =1, P(B) =2 =2
@P(YY) = P(Y)xP(Y)=+xl_1

3 3 9
(b)
P(R and B) = 2 x P(R) x P(B) = 2 x % %:
o . 1 _5
(c) P(no R for each selection) —l—g_g
So for two selections, P(no R):%x%:%

(d) P(two beads of the same colour)
=P(RR) +P(YY) + P(BB)
-76 -

1111117
676733722718

(e) P(two beads of different colours)
=1 — P(two bead of the same colour)

7 _1

18 18

4 P(W from Y)=P(W from X)xP(W from Y)
+ P(B from X)xP(W from Y)

_2,4,3 3_17

S

576 5 6 30
5 (a) The tree diagram is shown below.
W: white Outcome
B: black I ] W WwW
1 R: red A B WB
2
R WR
W  BW
B BB
R BR
W RW
B RB
l first ! second R RR
2 1
b) (i) P(RR) =

(ii) P(W and B) = P(WB) + P(BW)

_2,5,5,2_2
1079 1079 9

(iii) P(B and R) = P(BR) + P(RB)




5.,3,3.5_1

100971079 3
(iv) P(no B) = P(WW) + P(WR) + P(RW) + P(RR)
2.1,2 3,3 2 3 2_2

=—X—F+ X+ X+ —X—==
10 9 10 9 10 9 10 9 9
(v) P(two balls of the same colour)
=P(WW) + P(BB) + P(RR)
2,1, 5.4, 3 2_14
10 9 10 9 10 9 45
(vi) P(two balls of different colours)
=1 — P(two balls of the same colour)

114 _31
45 45

Exercise 22

o
1 lday = 24hours 360° _ 15° represents lhour.

120° _ 1
360° 3 ®)

105°
15°

(a)

=7 hours (c) 2x15° =

30°
(d) Angle of sector ‘eating’
=360°-105°-120"-30°-90°=15°
1 . 100=4.16=42%
360
2 Arrange the numbers: 2, 3,4,4,5,6,6,6,7,8
(a)

2+3+4+4+5+6+6+6+7+8:

5.1
10

mean =

(b) mode = 6 (c) median = % =55
3@ s
20
15
10
B e wew
(b) Redraw the table.
Marks 0-9 10-19 | 20-29
Centre (x) 4.5 14.5 24.5
Frequency(f) 2 7 23
Product (fx) 9 101.5 563.5
Marks 30-39 | 40-49 | 50-59
Centre(x) 345 44.5 54.5
Frequency(f) 15 6 3
Product (fx) 517.5 267 163.5
Marks 60-69 | 70-79 Total
Centre(x) 64.5 74.5
Frequency(f) 2 2 60
Product (fx) 129 149 1900

(1) The number of pupil = total f= 60

(ii) Mean =

4 (2

Sumof fx 1900

total f

-77 —

60

=31.7 (to 1dp)

_Sumof fx 15x8+25x17+---+75x6

M =
= otal £ 100
4240 :
=—— =424 min
100
(b)
x | <20 [ <30 [ <40 [ <50 [ <60 | <70 | <80
71 8 |25 | 48 | 68 | 83 | 94 | 100

(©

100 -

80 -

VI TV

(d) (i) The median = 41 minutes
(i1) The interquartile range = 54 — 30 = 24 minutes
(e) The frequency at 35minutes is 37.

37

The probability = 100

Exercise 23

1 (all+3=14and 14+3 =17
(b)2-2=0and0-2=-2
(c) 100 x 10 =1 000 and 1 000 x 10 =10 000
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1Y _ 1 :_l
@ 2><[ 2j—land1x( 2) L

(e)11+5=16and 16 + 6 =22
(f) 6*=36 and 7* =49

(@a=1,d=2..a,=1+(n—-1)x2=2n-1
(b)a=10,d=—4
coa, =10+ (n-1)x(—4)=—-4n+6

(c)a=2,r=3 ..a, =2x3""!

(da, =(n-1)7* (e)a, =n’

Sequence: 5, 8, 11, . ..

(a) Each term is 3 more than the previous term.
Jdthterm=11+3 =14

(b) first term(a) =5, common difference (d) = 3

sa,=5+(n-1)x3=3n+2
(c)44=3n+2 .n=14
(da, =5+(25-1)x3=77

-78 -




