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1 . Use the substitution y = vx , where v is a function of x , to transform the differential equation

x*$L = x‘ + xy + yl
dx

into a differential equation in v and x .
Hence find the solution of this differential equation
given that y — lwhen x = 1 .

(3 marks)

(5 marks)

2. Solve for real x , the equation

(6 marks)3cosh2x = 3 4- sink 2;c .

/„ = f x [ l - x )" (lx ,3. Given that

where n is a positive integer,
show that
( 71 + 2) / i = nl (5 marks), 71 > 1 ..1-1

I .x ( l — xj dx . (3 marks)Hence, evaluate

4. Find the cartesian equation of the curve with polar equation
r = cos3 0 .

Hence, show that the equation of the tangent to the curve at the point j 's
r = I

•/2 (3sin 0

(3 marks)

(4 marks)
d )— cos

5. Show that the equation of the normal to the hyperbolax?/ = 4

at the point P\ 2t,-\ , t =£ 0 is
t

tJx - ty - 21* + 2 = 0.
This normal cuts the hyperbola again at the point Q .
(i) Find the coordinates of Q .
(ii) Prove that the locus of the midpoint of the origin and Q is another hyperbola.

(3 marks)

(2 marks)

(3 marks)

6. Given that z = cos0 + z'sin 0 ,
(i) Show that

1 (2 marks)z — = 2cos# .
z

(ii) Find in a similar manner, an expression for z1 + — .
z

(iii) Show that

(1 mark)

zl — z + 2 — — + — = 4cos3 0 — 2cos0 . (2 marks)
z3

Hence, solve the equation
z' - z3 + 2z2 - z + 1 = 0,

giving the roots in the form a + bi . (3 marks)
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7. (a) Given thatS is a similarity transformation(similitude) defined by
z' = ( l + i ) z - 2 + 3i ,

find
(i) the scale factor
(ii) the invariant point (centre) and
(iii) the angle of rotation of this transformation.

( 1 mark)
(2 marks)
(2 marks)

(b) A linear transformation, T , is defined as follows
T : R2

( x, y ) i-> ( 2x + y, x - y ) .
R2

Determine the kernel of T . (3 marks)
8. Solve in N , the system of equations

3;c = l(mod5)
5:c = 2(mod 7) (8 marks)

9. A sequence, (u j, is defined recursively by
u0 = 1 , u = 3 and u = 'iu + 4un n-1 ‘n + l

(2 marks)

(3 marks)

(1 mark)

(i) Find ui •

- 4,„ = (-!)''>, - 4«0 ).(ii) Show that n + l

in terms of u .(iii) Hence express u

Show that
n + l

(2 marks)
(3 marks)
(2 marks)

un is divergent.
u > 1 , Vn N .

(vi) un is increasing.
Two other sequences (vj and (w„ ) are defined as

vm = ut + and wu = u - 4«,_
1,n > 1.

(vii) Show that vn and wn are geometric sequences,

(viii) Express v and wn each in terms of n .
Hence, or otherwise, express un in terms of n .

(iv)
(v)

(3 marks)

(2 marks)

(2 marks)

10. (a) A function, / , is defined by

/ ( re ) — -Jx- — 3x + 2 .
Find the domain of / .
Show that

(3 marks)(i)
00

f ( x ) = J( x -^ -i and that as x +oo , / ( re ) -> x

Find a similar expression for / ( re )
Hence, state the oblique asymptotes of / .
Sketch the graph of y = f ( x ) ,showing clearly the asymptotes.

(4 marks)
(1 mark)

(3 marks)

— oo .as x

(iii)
(iv)
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x* defined on ]l,+oo[ , and the sequence ( tx . ) defined
1

(b) Given that =
recursively by

= 2

(i) Show that Va: > 1 , > 1 .
Given the sequences (vj and (wjsuch that

7J — 1
f|

(3 marks)

and w = In ,n > i -17)

show that
(4 marks)
(2 marks)

(ii) wn is a geometric sequence.
v = 2~-“ .(iii)

END
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